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Abstract

Averaged properties of bubbly liquids in the limit of large Reynolds and small Weber numbers

are determined as functions of the volume fraction, mean relative velocity, and velocity variance of

the bubbles using numerical simulations and a pair interaction theory. The results of simulations

are combined with those obtained recently for sheared bubbly liquids [Kang et al., Phys. Fluids

9, 1540, 1997] and the mixture momentum and continuity equations to propose a complete set of

averaged equations and closure relations for the flows of bubbly liquids at large Reynolds and small

Weber numbers.

Keywords: bubbly flows, averaged equations, potential flow interactions

Corresponding author: Ashok S. Sangani

Department of Chemical Engineering and Materials Science

Syracuse University

220 Hinds Hall

Syracuse, NY 13244, USA.

e-mail: asangani@syr.edu

1



1 Introduction

The flows of liquid containing bubbles at relatively large Reynolds numbers have been examined

by a number of investigators in the past because of their occurrence in many physical and chemical

operations. The most significant contributions to our understanding of bubbly liquid flows derive

from a series of careful experimental and analytical studies by Professor Leen van Wijngaarden

and his colleagues at the University of Twente over the last three decades. It is therefore a great

pleasure and indeed an honor to present our recent work on bubbly liquids in a volume dedicated to

Professor van Wijngaarden on the occasion of his sixty-fifth birthday and formal retirement from

the university.

We shall consider here bubbly flows at large Reynolds number Re ≡ aV/ν and small Weber

number We ≡ ρaV 2/σ, a being the bubble radius, V the velocity magnitude of a bubble relative to

the mixture, σ the interfacial tension, and ν and ρ, respectively, the dynamic viscosity and density

of the liquid. In these flows bubbles remain approximately spherical, and the liquid motion induced

by the bubbles can be described to a leading order by the potential flow theory. The viscous effects

are essentially confined to thin boundary layer regions near the bubble surfaces and to small wakes

behind the bubbles and, unlike the case of rigid particles, these viscous effects modify only slightly

the fluid velocity field derived from the potential flow approximation as shown by Moore [1,2]. The

conditions of small We and large Re are approximately satisfied by about 1 mm diameter bubbles

rising through otherwise quiescent water. Because of the relative ease with which the bubble-bubble

interactions can be computed, this dual limit can be examined in detail analytically.

We begin with a brief review of the work done to date on the flows satisfying the above dual limit.

Unless there are strong variations in the pressure (as is the case in acoustic wave propagation), the

volume changes of the bubbles can be neglected, and the interactions among bubbles are primarily

governed by the added mass effects. A single massless bubble accelerates in an inviscid fluid as

if its mass equals m/2, where m is the mass of the liquid displaced by the bubble [3]. This is

referred to as the virtual or added mass of the bubble. The momentum change, m/2 times the

change in the velocity of the bubble is, of course, the change in the liquid momentum as a result

of the moving bubble. If there are more bubbles the liquid momentum generated by the motion

of bubbles becomes complicated to evaluate, because the flow field induced by one bubble will be

distorted by others. In other words, the added mass becomes a function of the configuration of

the bubbles. For liquids containing a finite volume fraction φ of equal-sized bubbles the averaged

added mass of a bubble can be expressed as Cam/2, where Ca depends on the volume fraction φ

of the bubbles and the spatial and velocity distributions of the bubbles. Van Wijngaarden [4] was

the first to determine rigorously Ca for dilute bubbly liquids, i.e., φ� 1. The calculation required

a then new technique developed by Batchelor [5] for the renormalization of long-range interactions

in Stokes flows. Realizing that Ca will also depend on the way the flow is induced, because of its

dependence on the velocity distribution of the bubbles, van Wijngaarden restricted his attention to
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the special case in which the bubbly liquid at rest is impulsively set into motion by applying equal

forces on all the bubbles. For this situation he obtained

Ca = 1 + 2.76φ+O(φ2). (1)

The bubbles were assumed to be uniformly dispersed in the liquid in this calculation. The fact

that the O(φ) coefficient in Eq. (1) depends on the velocity distribution of the bubbles was further

illustrated by Biesheuvel and Spoelstra [6], who considered the case when all the bubbles are

accelerated at an equal rate. Their analysis gave the coefficient of the O(φ) term in the above to

be 3.32. In most flows the bubbles are neither uniformly forced nor uniformly accelerated, but it is

generally believed that these two special cases provide the two limits on Ca for uniformly dispersed

mixtures. This, to some extent, is supported by the investigations of the added mass effects in

the suspensions of particles subjected to an oscillatory motion by Felderhof [7] and Sangani, Zhang

and Prosperetti [8]. The latter investigators found that the O(φ) coefficient in this case increased

monotonically from 2.76 to 3.32 as the ratio of the particle to the suspending fluid density varied

from zero to infinity. They also used numerical simulations to compute Ca for the complete range

of values of φ for the hard-sphere spatial distribution of the oscillating particles, and found the

cases of uniformly accelerated and uniformly forced particles to provide two extreme limits of Ca.

In fact, the difference in Ca for these two extremes is not very significant even when φ is not small

and, as shown in [8], one may use the simple expression

Ca =
1 + 2φ

1− φ
, (2)

obtained by Zuber [9] using a cell approximation to estimate Ca in uniform dispersions.

In convective (non-oscillatory) flows the spatial distribution of the bubbles is not necessarily

uniform, and therefore one must solve in general a more difficult problem of determining the spatial

and velocity distribution of the bubbles for a given imposed flow. For dilute bubbly liquids this

requires determination of the spatial and velocity distribution of a pair of interacting bubbles,

e.g., by solving for the trajectories of the bubbles initially separated at infinity with a uniform

probability. Such calculations have been made for the case of bubbles rising under the influence of

gravity by Kok [10,11] and van Wijngaarden [12] for the monodispersed, and by Kumaran and Koch

[13] for the polydispersed bubbly liquids. These calculations showed that the equal-sized bubbles

tend to undergo repeated collisions with each other with diminishing amplitude, and eventually

rise together as a horizontally aligned pair.

The velocity and spatial distribution of bubbles in non-dilute bubbly liquids is most conveniently

determined by dynamic simulations. The case of buoyant rise of bubbles by dynamic simulations

was examined concurrently by Smereka [14] and Sangani and Didwania [15], in the same year (1993)

that van Wijngaarden’s work on the pair of bubbles appeared. All these studies, and a more recent

study by Yurkovetsky and Brady [16], show that the bubbles align in planes perpendicular to gravity.
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The tendency for the formation of these clusters can be explained in terms of potential interactions

among bubbles. Pairs of bubbles aligned within about 55o (cos−1
√

1/3) to the direction of mean

bubble motion are repelled by each other due to a Bernoulli effect, while those aligned in a plane

perpendicular to that or at an angle greater than 55o with the direction of mean bubble motion

are attracted towards each other [17]. This leads to an increased probability of finding bubble

pairs that are horizontally aligned. This tendency is diminished when the velocity fluctuations

in the bubbly liquids are increased. The steady-state distribution is therefore determined by the

magnitude of the rise velocity of the bubbles divided by the root-mean-squared velocity of the

bubbles. As shown in [14-16,19] no clusters are seen at sufficiently small value of this ratio, and

large clusters in horizontal planes are seen when the ratio is large. Yurkovetsky and Brady [16]

referred to this phenomenon as a phase-transition, from a gas-like dispersed state to a condensed

state. The added mass coefficient for clustered bubbly liquids is typically much greater than that

predicted by the simple expression (2) given by Zuber.

At large but finite Reynolds numbers the magnitude of the velocity fluctuations depends on the

rate at which the fluctuations are dissipated by the viscous effects and the rate at which they are

created by hydrodynamic interactions. The latter is very small in magnitude for the special case

of buoyant rise of equal-size bubbles and, as a consequence, the bubbles tend to form clusters. As

suggested by Sangani and Didwania [18], the other flow situations could lead to a greater source

of velocity fluctuations, and hence less clustered bubbly liquids. This suggestion is supported by a

recent investigation of sheared bubbly liquids by Kang et al. [19]. These investigators showed that

large velocity fluctuations, and hence a stable dispersion, results when the mean velocity gradient

is nonzero. The buoyancy force on the bubbles, and hence the mean rise velocity, was taken to be

zero in that investigation.

The above studies were confined to rather special flows of bubbly liquids. More complex flows

of bubbly liquids are most conveniently analyzed through averaged equations of bubbly liquids.

Derivation of these equations is a subject of numerous investigations (see, for example, [18, 20-

24,43]). While the form of the averaged equations is now relatively well established, an outstanding

problem that remains to be solved is to prescribe the constitutive relations and closures to be used

in these equations. The objective of the present investigation is to provide these relations for the

special case of large Reynolds and small Weber number flows.

It is reasonable to suppose that in the large Reynolds number limit the different imposed

flows (e.g., the mean shear or the buoyancy induced flows) and the finite viscosity of the liquid

are primarily responsible for determining the magnitude of the velocity fluctuations and the mean

relative velocity of the bubbles, while the microstructure and the constitutive relations and closures

to be used are essentially governed by the inertial interactions among bubbles. Since the inertial

interactions preserve the momentum and the kinetic energy of the liquid, we expect the most

important nondimensional parameters characterizing the inertial interactions to be the ratio A
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of the mean relative motion and the root-mean-squared velocity fluctuations of the bubbles and

the volume fraction φ of the bubbles. Note that there is one-to-one correspondence between the

steady state momentum and kinetic energy of the liquid to the averaged relative velocity and the

velocity variance. The latter set of quantities are not invariants of the potential flow interactions

and therefore vary with time but are of more practical significance. The usual averaged equations

of motion give added mass, drag coefficient, and other properties in terms of volume fraction only.

The present investigation examines the change in microstructure with A and its effect on various

properties. Thus we shall use numerical simulations to determine various properties of bubbly

liquids as functions of A and φ and to give averaged equations for describing the flows of bubbly

liquids. The limiting case of A = 0 was examined in detail by Kang et al. [19]. Our results agree

with theirs in this limit and extend them to nonzero A.

The outline of the article is as follows. In Section 2 we briefly describe the simulation technique

and in Section 3 we give the averaged equations for bubbly liquids. Both of these sections are

primarily based on previous work by Sangani and Didwania [15,18] and Kang et al. [19]. In Section

4 we present the results of dynamic simulations for the pair probability distribution, added mass

coefficient, viscous drag coefficient, bubble-phase stress, and the other averaged properties of bubbly

liquids as functions of A and φ. The results of simulations are compared with the predictions of

a theory for small φ, and analytical expressions that agree well with the dilute theory and the

results of numerical simulations for φ ≤ 0.3 are given. Also given is an expression for the critical

value of A as a function of φ, above which significant clustering in the plane normal to the mean

relative velocity can be expected. We combine in Section 5 the results obtained from Kang et

al. [19] with those obtained in the present investigation and prescribe constitutive relations to be

used in modeling the flows of bubbly liquids. The aim of that section is to present a simpler form

of averaged equations for the bubble phase and for the mixture that retains the most important

features of the dynamics of bubbly liquids. Finally, in Section 6, we discuss how the equations

derived here may be modified to account for finite Weber-number flows.

2 Simulation technique

In this section we briefly review the dynamic simulation method used in the present study; a more

detailed description may be found in Sangani and Didwania [15] and Kang et al. [19]. The dynamics

of large Reynolds number flows of a liquid containing spherical bubbles are described in terms of a

velocity potential ϕ that satisfies the Laplace equation. The velocity of the liquid is decomposed

as

u(x, t) = u(x, t) +∇ϕ, (3)
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where u is the ensemble-averaged velocity of the gas-liquid mixture. The boundary condition at

the surface of a representative bubble α is

n · ∇ϕ = n · vα, (4)

where vα = wα − u(xα, t) is the velocity of the bubble relative to the mixture and n is the unit

outward normal from the surface of the bubble, wα and xα being the actual velocity and position

of the bubble. As shown by Sangani and Didwania [15], the velocity potential is reasonably well

described by the point-dipole approximation,

ϕ(x, t) = G · x−
N∑
α=1

a3Dα · ∇S1(x− xα), (5)

where S1 is a Green’s function for the Laplace equation in a periodic domain [25], xα the center of

bubble α, a the radius of the bubble, and Dα the dipole induced by the presence of the bubble. G

represents the induced backflow which maintains u′ = 0, u′ = u− u being the deviation from the

mean velocity of the gas-liquid mixture. As shown in [15],

G =
3φ

N

N∑
α=1

Dα. (6)

The force balance on the bubbles can be expressed in terms of their impulses defined by

Iα = −ρ
∫
Sα
ϕndA, (7)

where ρ is the density of the liquid and Sα the surface of bubble α. Note that this definition of

impulse differs from that defined in [18,26], where the total impulse is used which equals Iα −mu.

The sum of impulses over all the bubbles in a unit cell gives the total momentum of the liquid

induced by the motion of the bubbles when the back flow is zero. Thus, even though the bubbles

themselves are massless, their motion generates additional momentum in the liquid and, in that

sense, the impulse of a bubble can be thought of as its virtual momentum. Following Sangani and

Didwania [15] and Kang et al. [19], the force balance on a bubble α, neglecting the mass of the gas

inside the bubbles, is given by

dIα

dt
= Fg + Fα

u + Fα
p + Fα

v + Fα
c . (8)

The forces on the right-hand side arise from the buoyancy, averaged suspension flow, the potential

interactions among the bubbles, viscosity, and collisions, respectively. The rest of this section briefly

discusses these contributions to the force on a bubble.

The buoyancy force is given by Fg = −mg, where m = (4π/3)ρa3 is the mass of the liquid

displaced by the bubble and g is the gravitational acceleration.
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The force on the bubble due to averaged suspension flow is written as [19]

Fα
u = m

Du

Dt
− (∇u) · Iα, (9)

where the derivatives of u are evaluated at the center of bubble α and D/Dt = (∂/∂t+ u · ∇) is the

derivative following the averaged suspension flow. This expression is consistent with the force on a

single bubble derived by Auton, Hunt, and Prud’homme [27], with the forces on bubbles placed in

an extensional flow [19], and with the force on bubbles subjected to a small-amplitude oscillatory

motion as evaluated by Sangani, Zhang, and Prosperetti [8]. Note that this also includes the lift

force on a spherical bubble placed in a weak shear flow, as does the expression by Auton, Hunt,

and Prud’homme. In the last case, the overall flow is rotational even though the flow induced by

the motion of bubbles, u′, is taken to be irrotational.

The potential interaction force is [18]

Fα
p = −4πρa6

N∑
γ=1

DαDγ : ∇∇∇S1(xγ − xα). (10)

In the above, S1 must be first differentiated with respect to x − xγ , and subsequently x must be

taken to equal xα. For α = γ, the singular part 1/|x− xγ | of S1 must be removed from S1 before

differentiating.

The viscous force can be determined by one of the two methods. The first is based on an energy

dissipation argument [28] according to which

Fα
v = −1

2
∇vαĖdiss, (11)

where Ėdiss is the rate of energy dissipation per unit cell, which can be evaluated to leading order

from the potential flow approximation given by Eq. (5). The other method, which is more conve-

nient and employed in the present study, uses the observation that the viscous force on a bubble

evaluated from the velocity gradient of the total dissipation rate must be the same as the force

amplitude on a bubble placed in a small-amplitude oscillatory motion examined in Sangani [29]

and Sangani, Zhang, and Prosperetti [8].

Finally, a bubble is assumed to bounce back instantaneously upon collision with another bubble

in the suspension preserving the total momentum and kinetic energy of the liquid, as has been

assumed in other studies [14-16,18,19]. Such collisions occur when a small amount of electrolyte

(salt) is present in bubbly liquids [30,31]. The collision impulse is evaluated using the method

described in [15].

3 Averaged equations for bubbly flows

The bubble-phase continuity and momentum equations are [18,26]

dn

dt
+ n∇ ·w = 0, (12)
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n
dIi
dt

= − ∂

∂xj
Pij + nF bi , (13)

where n is the number density of bubbles, d/dt = (∂/∂t+ w · ∇) is the derivative following the

averaged motion of the bubbles, the quantities with an overbar represent averaged quantities, Pij is

the bubble-phase stress tensor, and Fb = Fg + Fv + Fu is the sum of buoyancy, viscous, and mean

flow forces. As shown in [18] in detail, the bubble-phase stress tensor represents the transport of

momentum due to fluctuations in the velocity of bubbles, collisions, and hydrodynamic interactions.

The kinetic part arising from the velocity fluctuations in the bubble motion is

P kij = n(Iivj − Iivj). (14)

As noted earlier, the impulse of a bubble can be thought of as its virtual momentum and, therefore,

this part of the stress is analogous to the pressure in the kinetic theory of dilute (ideal) gases.

The collisional contribution is

P cij =
n

2N4t
∑
col

(F 1
c,i − F 2

c,i)(x
1
j − x2

j ), (15)

where 1 and 2 represent a pair of colliding bubbles, and Fc’s are the collision impulses acting on

the bubbles at the instant of collision, with F1
c = −F2

c . The summation in the above equation is

over all the collisions during a time interval 4t, and N is the number of bubbles.

The hydrodynamic contribution consists of two parts. The first, arising from the backflow

induced by the relative motion of the bubbles, is

PMij = −1

2
ρGkGkδij (16)

and will be referred to as the Maxwell stress in analogy with the Maxwell stress in dielectric

media. At first sight this expression may appear to differ from that commonly used in the theory

of dielectrics or that given in Bulthuis, Prosperetti, and Sangani [26] according to which

PMij = ρ[GiGj − (1/2)δijGkGk − 3φGiDj ]. (17)

However, upon noting that Gi = 3φDi, we see that the first and third terms on the right-hand side

of the above equation cancel each other, and the resulting expression then agrees with that given

by Eq. (16). The derivation presented in [26] applies to arbitrary extensional flow, for which G

represents the gradient of averaged velocity potential. In the present study, we treat the force due

to mean flow, including pure extensional flows, as a part of Fu and, consequently, G = 3φD is

simply the velocity due to backflow generated by the relative motion of the bubbles. Note that Eq.

(16) can alternatively be written as

PMij = −9

2
ρφ2DkDkδij . (18)
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The contribution from nonzero G can alternatively be written as a force on the bubble given by

FMi = − 1

n

∂PMij
∂xj

= 3mDk
∂Gk
∂xi

. (19)

This represents the force on a dipole (induced by the bubble) placed in a nonuniform field G.

This is analogous to the ponderomotive force in the theory of electrostatics where G represents the

electric field.

The second part of the hydrodynamic stress depends on the detailed spatial and velocity dis-

tribution of the bubbles, and can be evaluated in dynamic simulations using [26]

P hij = −2πnρa6

N

N∑
α=1

N∑
γ=1

Dα
mD

γ
nΨijmn(xα − xγ), (20)

where Ψijmn is given by

Ψijmn(x) = 2∂4
ijmnS2(x)−

(
δij∂

2
mn + δjm∂

2
in + δjn∂

2
im

)
S1(x). (21)

S2 and S1 are spatially periodic functions as defined by Hasimoto [32] with ∇2S2 = S1, and

∂i = ∂/∂xi is a short-hand notation for partial derivatives.

The last term in Eq. (13) can be rewritten as

F
b
i = −mgi − 12πµaCdvi +m

Dui
Dt
− γjiIj , (22)

where Cd is the viscous drag coefficient and γji = ∂uj/∂xi is the averaged velocity gradient in the

gas-liquid mixture. The net impulse Ii is related to the added mass coefficient Ca and the mean

relative velocity via

Ii = (m/2)Cavi. (23)

Finally, it can easily be shown that the averaged dipole strength is related to Ca and to the averaged

relative velocity by [18,26]:

Di = −1

3

[
1

2
Ca + 1

]
vi. (24)

The stress tensor, Ca, and Cd depend on n, vi and the velocity variance and, to close the system

of equations, we need an equation for determining the velocity variance. The fluctuation energy

balance equation has been derived in [18,19,44,45] for some limiting cases. In [18] an equation was

derived for nIivi, the kinetic energy density of the liquid, in the absence of mean shear, while in

[19] an equation was derived for the second moment tensor nIivj in the absence of mean relative

motion. The backflow contribution giving rise to the Maxwell contribution in the stress tensor

was not properly included in [18] and therefore it is necessary to rederive the fluctuation energy

equation. We shall derive here an equation for the second moments of impulse, IiIj − IiIj , instead

of Iivj or vivj used in earlier investigations, as this is easier. The second moments equation is
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necessary, in general, when large anisotropy in velocity fluctuations is present in the suspensions.

Otherwise, a single scalar balance equation obtained by taking the trace of the second moment

equation will be adequate in closing the system of averaged equations.

The balance equation for IiIj − IiIj is written in the same way as for the number density and

impulse (cf. Eqs (12)-(13)), and combining the resulting equation with the impulse equation gives

n
d

dt

[
IiIj − IiIj

]
= − ∂

∂xk

[
n
(
IiIjvk − IiIjvk

)
− IjP ∗ik − IiP ∗jk

]
− P ∗ik

∂Ij
∂xk
− P ∗jk

∂Ii
∂xk

+ n
[
ψ̇ij − Ii(F

b
j + F

M
j )− Ij(F

b
i + F

M
i )
]

(25)

where ψαij = Iαi I
α
j ; the dot in ψ̇α represents a time derivative following the motion of bubble α. For

the sake of convenience we have treated the backflow contribution giving rise to the ponderomotive

force (cf. Eq.(19)) instead of contributing to the bubble-phase stress. Thus, P ∗ij is the total stress

minus the Maxwell stress:

P ∗ij = Pij − PMij . (26)

For dilute bubbly liquids we can use Ii ' (m/2)vi and then the quantity inside the square brackets

in the first term on the right-hand side of Eq. (25) becomes n(m/2)2(v̂iv̂j v̂k)/2, v̂i = vi − vi

being the fluctuation velocity. The trace of this quantity is seen to be the same as (except for an

additional factor of m/2) the heat flux in dilute molecular systems.

We now evaluate separately the contributions to the terms inside the second square brackets

on the right-hand side of Eq. (25). The first is a backflow contribution that can be shown to equal

〈ψ̇Mij 〉 − IiF
M
j − IjF

M
i = 3m sym

[
(IjDk − IjDk)

∂Gi
∂xk

]
, (27)

where sym is an operator defined via

sym [aij ] = aij + aji. (28)

The second contribution is from the collisional interaction of bubbles. Using the standard

techniques employed in the kinetic theory of dense gases and granular materials, it can be shown

that the collisional term is a sum of three terms:

n〈ψ̇cij〉 = Scij −
∂qcijk
∂xk

− γlkτ cijkl (29)

with

Scij =
n

N4t
∑
col

[4ψc,1ij +4ψc,2ij ], (30)

qcijk =
n

2N4t
∑
col

[(4ψc,1ij −4ψ
c,2
ij )(x1

k − x2
k)], (31)

where, as in Eq. (15), 1 and 2 represent two colliding bubbles, the summation is over all the

collisions over a time interval of 4t, and 4ψcij represents the change in ψij , i.e. in IiIj , during

10



the collision. Finally, the formula for τ cijkl is obtained by replacing ψij in Eq. (31) by ∂ψij/∂vl.

γkl = ∂uk/∂xl is the gradient of the mean velocity. Physically, the first term on the right-hand side

of Eq. (29) represents the source of impulse moments due to collision and the second term represents

its flux. The last term in Eq. (29) arises because our phase variables are Iα, or equivalently, vα,

the latter being related to the actual velocity of the bubble by wα − u. We shall later argue that

τ cijkl ' (m/2)(δilP
c
jk + δjlP

c
ik). Thus, the last term in Eq. (29) can be interpreted as proportional

to the collision stress times the average velocity gradient of the mixture.

The third is a hydrodynamic contribution that can be derived in a manner similar to that used

in [26]:

n〈ψ̇hij〉 = Shij −
∂qhijk
∂xk

− γlkτhijkl (32)

with

Shij = −3mn

2N
a3 sym

 N∑
α=1

N∑
γ=1

(
Dα
mD

γ
nI

α
j −Dγ

mD
α
nI

γ
j

)
∂3
mniS1(xα − xγ)

 , (33)

qhijk = −3mn

4N
a3 sym

 N∑
α=1

N∑
γ=1

Dα
mD

γ
n(Iαj + Iγj )Ψmnik(x

α − xγ)

 , (34)

where Ψ is defined by Eq. (21). As in the case of collisional contribution, the term τhijkl can be

obtained by replacing Dα
mD

γ
n(Iαj + Iγj ) in Eq. (34) by its derivative with vαl . Once again, it will

be argued that it is proportional to δilP
h
jk + δjlP

h
ik so that the last term in Eq. (34) represents the

product of the mean velocity gradient with the hydrodynamic stress.

Now we determine contributions from various forces on the bubbles. Buoyancy does not con-

tribute to the fluctuation equation. The contribution from the force due to mixture velocity varia-

tions is given by

〈ψ̇u
ij〉 − Fu,iIj − Fu,jIi = −γki(IkIj − IkIj)− γkj(IkIi − IkIi). (35)

The mixture velocity gradient γij can be decomposed into symmetric and asymmetric parts. The

symmetric part multiplied with the second moments of impulse will be shown to give a term in

the energy equation that approximately equals the work done by the kinetic stress on the mean

velocity gradient. The asymmetric part of γij , which gives rise to the lift force, plays the role of

altering the distribution of second moments of impulse; its contribution to the impulse variance

equation, i.e. to the trace of Eq. (25), is zero.

Finally, the contribution from the viscous forces is

n sym
[
Fv,iIj − F v,iIj

]
. (36)

Collecting various terms, the impulse fluctuation equation is given by

n
d

dt
[IiIj − IiIj ] = Sij −

∂qijk
∂xk

− γlkτijkl + sym

[
−P ∗ik

∂Ij
∂xk
− nγkj(IiIk − IiIk)
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+ 3mn(IjDk − IjDk)
∂Gi
∂xk

+ n(Fv,iIj − F v,iIj)
]
, (37)

where Sij = Shij + Scij , τijkl = τhijkl + τ cijkl, and

qijk = nIiIjvk − nIiIjvk − IjP ∗ik − IiP ∗jk + qcijk + qhijk. (38)

As in the case of the momentum equation, various terms appearing in Eq. (37) can be expressed in

terms of n, vi, γij , the velocity moments Tij ≡ vivj−vivj , and suitable nondimensional coefficients.

The dependence on γij was examined in detail in Kang et al. [19], where the case of zero mean

relative motion vi was considered. We shall examine in the next section the dependence on the

mean relative velocity.

The impulse moments equation as presented here is indeed quite complex and it would be desir-

able to make some approximations to make it less unwieldy. The results of numerical simulations

in the next section together with the simulations in Kang et al. [19] will allow us to achieve this as

discussed in Section 5 where we propose a considerably simpler eqaution for determining the mo-

ments and hence the bubble-phase temperature. Finally, the above equations for the bubble-phase

must be supplemented with the mixture equations, and this will also be considered in Section 5.

4 Results

In this section we present results for various averaged quantities appearing in the momentum and

fluctuation equations as functions of the mean relative velocity and the velocity variance of the

bubbles. The mean velocity gradient γij , viscosity, and buoyancy forces are set to zero. The latter

two are not expected to affect the averaged properties in the limit of large Reynolds number, while

the effect of mean velocity gradient, as mentioned earlier, was examined in [19].

The dynamic simulations were carried out with 54 bubbles initially placed randomly within a

unit cell of a periodic array. Each bubble was given a random impulse chosen from a Gaussian

distribution with a prescribed variance (and zero mean), plus a mean impulse along the x1-axis. This

determined the total momentum and the kinetic energy of the liquid at time t = 0. These quantities

are invariants for potential flow interactions. The microstructure, the averaged relative velocity,

and velocity variance evolve with time. After about 1000 collisions a steady state was reached.

Resulting quantities were subsequently averaged over a time during which at least 3000 collisions

occurred. Due to numerical errors in trajectory evaluation and in computations of hydrodynamic

interactions, the total kinetic energy varied somewhat - typically by less than 10% over the time

interval used in averaging.

4.1 Pair-probability distribution

Figure 1 shows simulation results for the pair-probability density for finding two touching bubbles

P (2a, µ). Here, µ = cos θ, θ being the angle made by the line joining the centers of the bubbles
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with the direction of mean relative velocity. This probability is defined such that P (aR, µ) → n2

for widely separated bubbles, R →∞. In Figure 1, P has been normalized with n2χ, χ being the

radial distribution function value at contact for the hard-sphere molecular system as given by the

Carnahan-Starling [33] approximation:

χ =
1− φ/2
(1− φ)3

. (39)

The results shown in Figure 1 correspond to φ = 0.05; the numbers in the figure refer to the value

of nondimensional mean relative velocity squared,

A =
v2

T
, (40)

with T , the bubble-phase temperature, defined by

T =
(
v · v − v2

)
/3. (41)

Figure 1 clearly shows that the probability density for bubbles aligned perpendicularly to the mean

relative motion, i.e., for µ = 0, increases with increasing A, while that for the bubbles aligned along

µ = 1 decreases with A. This is in agreement with the potential flow theory for two interacting

bubbles (see, e.g. van Wijngaarden [12]), which predicts that two bubbles repel each other when

their centers are aligned with µ > 1/
√

3 = 0.577 . . ., and attract otherwise.

Dynamic simulation results for volume fractions φ = 0.1, 0.2 and 0.3 at fixed A (= 1.4± 0.05)

are presented in Figure 2. We find that the pair probability density normalized by n2χ is essentially

independent of the volume fraction of the bubbles.

Analytical expressions for P (aR, µ), and for the other properties of bubbly liquids, can be

obtained for dilute bubbly liquids (φ � 1) using a theory similar to one employed by Kang et

al. [19]. The main crux of the theory is that the N -bubble probability density for potential flow

interactions is known exactly from the investigation of Yurkovetsky and Brady [16], who showed that

there exists a Hamiltonian for describing the dynamics of bubbly liquids and that, as a consequence,

PN (CN ) = Q−1
N exp

[
−mβ

2

N∑
α=1

{
1

2
Iα · vα − v · Iα

}]
, (42)

where CN = x1,x2, . . . ,xN , I1, I2, . . . , IN is the 6N -dimensional configuration space consisting of

the positions and impulses of the bubbles; β in the above expression is the inverse of a bubble-

phase temperature defined by Yurkovetsky and Brady [16]. As the bubble-phase temperature T

defined by Eq. (41) differs from the definition in [16], we shall find below [cf. the discussion after

Eq. (44)] a different relation between β and T . Note also that β in [16] equals mβ/2 in the

present investigation. QN in Eq. (42) is the N -bubble partition function. Both QN and β can

be determined, in principle, from the requirements that the probability density for finding a single
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bubble at a given point in the suspension with any impulse be given by n and that the ratio of the

square of the averaged relative velocity to the bubble-phase temperature be given by A.

For dilute bubbly liquids, it is more convenient to use one- or two-bubble probability density

functions instead of the above, exact, N -bubble function. At low volume fractions, these are

obtained by simply substituting N = 1 and 2 in Eq. (42). Integrating P2 over the impulse

subspace and by requiring that the pair probability for two bubbles separated by a large distance

must equal n2

Q2 = Q2
1 = n−2

(
2π

β

)3

eA
∗
, (43)

with

A∗ =
1

4
m2βv · v. (44)

It will be shown presently that A∗ is related to A so that specifying A is equivalent to specifying

A∗ or β. It can also be shown that, to leading order in φ, β is related to the inverse of impulse

variance. To show this, let us first calculate I2 using

nI2 = Q−1
1

∫
I2 exp

[
−βI2/2 +mv · I

]
dI. (45)

The integration can be carried out by switching to a cylindrical coordinate system. Substituting

for Q1 from Eq. (43), and carrying out integration, we obtain

I2 =
1

β
(3 +A∗). (46)

Eqs. (43) and (46) agree with the expressions given in [19] for the special case A∗ = 0. Upon

substituting for A∗/β from Eq. (44) into Eq. (46) we obtain

3

β
= I2 − m2

4
v · v. (47)

We can approximate A∗ by writing I = mv/2 in Eq. (47) and subsequently substituting the result

in Eq. (44). This yields, simply,

A∗ = A[1 +O(φ)]. (48)

Note also that to this, O(1) approximation, 3/β = I2 − I
2
. The O(φ) correction to the above

equation is determined later in this section.

We are now in a position to determine the leading approximation for the pair-probability density

P (aR, µ) in dilute suspensions. By integrating P2(C2) over the impulse space we obtain

P (aR) =

∫
P2(C2)dIαdIγ

= n2
(
β

2π

)3

e−A
∗
∫

exp [−mβ (Iα · vα + Iγ · vγ) /4 +mβv · (Iα + Iγ)/2] dIαdIγ

(49)
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where we have used Eqs (42) and (43). To simplify the evaluation of the integrals in Eq. (49) we

introduce the transformation

Ĩ = (Iα + Iγ)/2, Î = (Iα − Iγ)/2, (50)

and use dIαdIγ = 8dĨdÎ. The velocities of a pair of bubbles is related to their impulses by [19]

vα,γi =
2

m

[((
1 +

3

2R6

)
δij +

9

2R6
kikj

)
Iα,γj +

(
− 3

2R3
δij +

9

2R3
kikj

)
Iγ,αj

]
(51)

where aR ≡ xγ − xα is the separation vector and k = R/R is the unit vector along R. The

exponential in Eq. (49) can be rewritten using

Iα · vα + Iγ · vγ =
4

m

[
Ĩ2 + Î2 + Ẽij ĨiĨj + Êij ÎiÎj

]
(52)

with

Ẽij =
3

2

(
− 1

R3
+

1

R6

)
δij +

9

2

(
1

R3
+

1

R6

)
kikj , (53)

Êij =
3

2

(
1

R3
+

1

R6

)
δij +

9

2

(
− 1

R3
+

1

R6

)
kikj . (54)

The resulting integral in Eq. (49) is still difficult to evaluate for arbitrary R, and therefore we shall

evaluate P (aR) only for large R by keeping terms up to O(R−6). The exponent in Eq. (49) is thus

approximated to

exp
[
−β(Ĩ2 + Î2) +mβv · Ĩ

] (
1− βẼij ĨiĨj +

9β2

8R6

(
Ĩ4 − 6(k · Ĩ)2Ĩ2 + 9(k · Ĩ)4

))
×(

1− βÊij ÎiÎj +
9β2

8R6

(
Î4 − 6(k · Î)2Î2 + 9(k · Î)4

))
. (55)

Substituting now Eq. (55) for the integrand in Eq. (49) and carrying out the integration gives

P (R,µ) = n2
[
1 +

3A∗

2R3

(
1− 3µ2

)
− 9

4R6
+
A∗

R6

(
87

80
+

171

40
µ2 +

243

80
µ4
)

+

A∗2

R6

(
9

8
− 27

4
µ2 +

81

8
µ4
)]

. (56)

The terms of O(R−6) make negligible contribution to the pair-probability density even at R = 2

except for large A∗ and for µ close to unity. Upon neglecting these terms, substituting A∗ = A,

and rearranging Eq. (56) into a Padé approximant yields the following useful expression for the

pair-probability density at contact, R = 2:

P (2a, µ) = n2χ
1 + 1

16A(1− 3µ2)

1− 2
16A(1− 3µ2)

. (57)

The effect of a finite volume fraction of bubbles is accounted for by multiplying the dilute theory

result with the hard-sphere value χ which partly accounts for the volume exclusion effects in finite
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φ systems. As shown in Figures 1 and 2, the above expression is in excellent agreement with the

results of numerical simulations.

Figure 3 shows a snapshot of the bubble positions in a unit cell at the end of the simulation with

A∗ = 5.4 and φ = 0.05. We see that, even though the pair-probability distribution for this case

is considerably anisotropic, there is no strong evidence of clustering observed in the simulations

of Sangani and Didwania [15] or Smereka [14] with finite viscous and buoyancy forces; apparently,

bubble velocity fluctuations are still too high to observe large scale clusters. The dynamic simulation

results presented here were obtained by starting with an initially random configuration of bubbles.

This initial random configuration sets the limit on the maximum A attainable in the simulations.

For φ = 0.05, this corresponds to Amax of about 6, and this number decreases with the increasing

φ: greater values of A can be attained only if the initial configurations are chosen to be clustered

states. Since our interest is mostly in determining the averaged properties of the suspensions that

are not highly clustered, we have not carried out simulations with initially clustered bubbly liquids.

4.2 Added mass coefficient

Dynamic simulation results for the added mass coefficient Ca are presented in Figure 4. Ca is

defined by Eq. (23). As explained in the Introduction, there is a strong dependence of Ca on

volume fraction, but we see now also an A-dependence. This is, of course, not surprising since the

microstructure is a function of A. The added mass of a pair of bubbles aligned along their velocities

is less than that of a pair of bubbles aligned perpendicularly to it (see, e.g. van Wijngaarden [4]),

and we therefore expect Ca to increase with A.

To derive an expression for Ca correct to O(φ), we first notice that the averaged impulse to O(φ)

cannot be determined by simply integrating the added mass increase caused by the presence of a

second bubble multiplied by the pair-probability over all possible positions of the second bubble, as

this integral is nonabsolutely convergent. Thus, we shall need to renormalize our integral accounting

for the effect of the second bubble. In what follows, we use the method outlined in Bulthuis et al.

[26]. The velocity potential in a suspension containing N bubbles within some domain Ω is given

by the point-dipole approximation:

ϕ(x) = ϕ∞(x)− a3
N∑
γ=1

Dγ · ∇ 1

|x− xγ |
, (58)

where ϕ∞ is related to the averaged backflow G =< ∇ϕ > by (see Bulthuis et al. [26])

∇ϕ∞(x) = G + a3
∫

Ω
dRnD(x−R) · ∇∇R−1. (59)

Note that the above integral, and hence ϕ∞, will approach a constant that depends on the shape

of ∂Ω as the size of Ω becomes large. The contribution to ϕ(x) from the summation term in Eq.
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(58) will cancel the shape-dependent term in ϕ∞ leading to ϕ(x) being independent of the shape

of ∂Ω. Now ϕ can be expanded near the center of bubble α as

ϕ(x) = ϕ0 + [Cα + (a/s)3Dα] · s + . . . , (60)

where s = x−xα, ϕ0 is a constant, and the dots represent the higher-order harmonics. Cα is given

by

Cα = ∇ϕ∞(xα)− a3
∑
γ 6=α

Dγ · ∇∇|xα − xγ |−1, (61)

where the differentiation is to be carried out with respect to xα − xγ . The impulse and velocity of

bubble α are related to Cα and Dα by [cf. Eqs (4) and (7)]

Iα = −m (Cα + Dα) , (62)

vα = Cα − 2Dα. (63)

Combining the above two expressions and averaging over all the bubbles yields

2

m
I− v = −3C. (64)

C can be evaluated by averaging Eq. (61):

C = G + a3
∫

Ω
dRnD(x−R) · ∇∇R−1 −

1

n

∫
a3D(xγ |x)P2(x, Iα,xγ , Iγ) · ∇∇|x− xγ |−1dxγdIαdIγ , (65)

with D(xγ |x) the dipole strength of a bubble at xγ given that there is a bubble at x. The first

term on the right-hand side of Eq. (65) corresponds to the induced backflow, and it equals 3φD

(cf. Eq. (6)). The integration domain of the second term in Eq. (65) is divided into two parts.

The first part, for R < 2, is given by

na3D(x) ·
∫
R<2
∇∇R−1dV =

1

3
na3D(x)

∫
R=2

R

R
· ∇R−1dA = −φD(x). (66)

The R > 2 part will be combined with the last term in Eq. (65) as shown below. To evaluate the

latter term we first express the dipole of bubble γ in terms of impulses of the bubbles using Eqs

(62) and (61):

Dα,γ = −m−1Iα,γ −m−1Iγ,α · ∇∇R−1 +O(R−6). (67)

Note that ∇ϕ∞ need not be included, as it is of O(φ). With the O(R−6) terms in Eq. (55)

neglected, the last term on the right-hand side of Eq. (65) becomes

1

mn

∫ (
Ĩ + Ĩ · ∇∇R−1

)
· ∇∇R−1

(
1 +

3

2

β

R3
Ĩ2 − 9

2

β

R3
(k · Ĩ)2

)
×(

1− 3

2

β

R3
Î2 +

9

2

β

R3
(k · Î)2

)
Q−1

2 exp
[
−β(Ĩ2 + Î2) +mβv · Ĩ

]
dĨdÎdR. (68)
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The leading term, of O(R−3), which renders the above integral nonabsolutely convergent, can be

shown to exactly cancel the R > 2 part of the integral in the second term on the right-hand side of

Eq. (65). Leaving that part out of Eq. (68) and carrying out the integration gives, for the excess

contribution from the last term in Eq. (65),

−φv

(
1

16
+

3

40
A∗
)
. (69)

Combining Eq. (64) with Eqs (65), (6), (66) and (69), and comparing the result with Eq. (23)

gives

Ca = 1 + 3φ

(
1 +

1

16
+

3

40
A

)
+O(φ2), (70)

where we have used Eq. (48) to replace A∗ by A. The correction factor 3φ in the above expression

is familiar from the other added mass calculations referred to in the Introduction: it arises from the

backflow induced by the bubbles and from the volume exclusion effect for R < 2. The remaining

part, arising from the detailed pair interactions of bubbles is small at small A and increases linearly

with A in accordance with the results of numerical simulations.

In the Introduction it was mentioned that Ca for spatially uniform suspensions is usually ap-

proximated by Eq. (2), which is a function of volume fraction only. A simple formula accounting

for the effect of change in microstructure with A is obtained by neglecting the small coefficient 1/16

from Eq. (70) and rearranging the resulting expression in a form similar to Eq. (2):

Ca =
1 + 2φ+ 9

40φA

1− φ
. (71)

As shown in Figure 4, the above formula gives very good estimates for Ca at all values of φ ≤ 0.3.

4.3 Drag coefficient

The drag coefficient relates the averaged viscous drag force on a bubble in the mixture to the

averaged relative velocity of the bubbles:

Fv = −12πµaCdv. (72)

Results for Cd obtained from dynamic simulations are shown in Figure 5. Cd is seen to increase

both with volume fraction and with A. If buoyancy is balanced only by viscous drag this results in

an averaged rise velocity that decreases by increasing either the volume fraction or A.

An expression for Cd in dilute bubbly liquids is derived by solving for the viscous potential

(see [15]) ∇2ϕv = 0, together with the boundary condition n · ∇ϕv = −12Dα · n on the surface of

bubble α. An expression for ϕv can be written in the same manner as for ϕ (cf. Eq. (58)) with D

now replaced by the viscous dipole Dv. The viscous force on the bubble can be evaluated from its

viscous dipole by

Fα
v = 4πµaDv,α. (73)
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The viscous potential can be expanded near the center of bubble α in a manner analogous to Eq.

(60):

ϕv(x) = ϕv0 + [Cv,α + (a/s)3Dv,α] · s + . . . . (74)

Applying the boundary conditions on ϕv yields

Cv,α − 2Dv,α = −12Dα. (75)

Now Cv,α is given by a viscous potential analogue of Eq. (61). Since Cv,α = O(φ), we see that, to

O(1), Dv,α = 6Dα. Substituting this leading estimate of the viscous dipoles in the expression for

Cv,α analogous to Eq. (60) yields C
v

= 6C +O(φ2). On taking an average of Eq. (75) over all the

bubbles we obtain

6C− 2D
v

= −12D = 4 (Ca/2 + 1) v, (76)

where we have used Eq. (24) to evaluate the right-hand side. Upon substituting for C from the

added mass calculations, and using the relation between the averaged viscous dipole and Cd, we

find that

Cd =
2

3
Ca +

1

3
+O(φ2) = 1 + 2φ

(
1 +

1

16
+

3

40
A

)
+O(φ2). (77)

The correction 2φ arising from the backflow and volume exclusion effects is the same as in the other

investigations of viscous drag coefficients in dilute bubbly liquids with uniform spatial distribution

[8,12,29]. When the mean relative velocity is large and the pair-probability density is anisotropic

the viscous drag coefficient increases, since the drag on a pair aligned perpendicular to the mean

motion is greater than in any other direction.

As in the case of Ca, the above dilute theory result can be recast into a slightly different form

to yield an expression that agrees well with the results of numerical simulations even when φ is not

small, as shown in Figure 5:

Cd =
1 + 3

20φA

(1− φ)2
. (78)

The above form of Cd with the term (1 − φ)2 in the denominator is chosen to keep the resulting

expression at small A the same as that proposed by Sangani, Zhang, and Prosperetti [8], who cal-

culated Cd for small-amplitude oscillatory flows up to φ = 0.5. Note also that the above expression

predicts Cd to continuously increase with increasing A, as found in the simulations here and in

Sangani and Didwania [15].

An attempt at calculating the viscous drag coefficient for bubbly liquids in which the bubbles

form pairs in a plane normal to gravity was also made by van Wijngaarden [12]. He assumed that all

the bubbles interact with each other only in the horizontal planes and obtained Cd = 1+1.04πa2na,

where na is the number density of bubbles in the horizontal planes. He then related na to the volume

fraction φ through a somewhat ad-hoc procedure that gave as the final result Cd = 1+1.56φ+O(φ2).

The present result, Eq. (78), indicates that, in contrast to van Wijngaarden’s result, the O(φ)
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coefficient for the clustered suspensions is much greater than 2. The main cause of the discrepancy

arises from his assumed relationship between na and φ, i.e., na = 3φ/(2πa2). As one plane of bubbles

contributes na
4
3πa

3 per unit area of the plane to the total volume of bubbles in the mixture, this

relationship should be na
4
3πa

3/L = φ, where L is the averaged distance between the horizontal

planes. This changes van Wijngaarden’s final result to Cd = 1 + 0.78(L/a)φ. Apparently van

Wijngaarden used L = 2a. The numerical simulation results of Sangani and Didwania [15] show,

however, that L is much larger than a. Thus, the results of numerical simulations and the theory

presented here will be consistent with the analysis of van Wijngaarden only if one allows L to

increase with A.

Eq. (78) has been obtained for high Reynolds number and low Weber number bubbly flows.

Experimental data reported by Lammers and Biesheuvel [34] are for bubbly flows with bubbles

that are too large for this dual limit to hold. Nevertheless, it is of interest to mention here that

they observed that when the bubbly liquid undergoes a transition from a quiescent regime to a

so-called agitated regime in which the velocity fluctuations are much greater, the rise velocity of

bubbles also increases. This observation is consistent with our calculations that Cd decreases with

the increasing velocity fluctuations or decreasing A.

4.4 Bubble-phase stress tensor

We now present results for the bubble-phase stress tensor, which plays an important role in the

momentum balance equation for the bubble phase and in determining the stability of the uniform

state of bubbly liquids. The dynamic simulation results will be presented by normalizing the stress

tensor with the bubble velocity variance tensor,

Tij = vivj − vivj . (79)

The ratio T11/T of the velocity variance in the direction of mean relative motion to one-third of

the total velocity variance is plotted as a function of φ and A in Figure 6. Surprisingly, the ratio is

very close to unity even when A is not small. Thus, even though a considerable anisotropy in the

pair-probability density exists at large A, we may treat the velocity fluctuations as nearly isotropic

and take

Tij = Tδij . (80)

The kinetic stress [cf. Eq. (14)] is now written as

P kij = n
(
Iivj − Iivj

)
= n(m/2)TCkij(φ,A), (81)

such that the nondimensional coefficients Ckij approach unity as φ → 0 for fixed A. The dynamic

simulation results for the coefficients Ck ≡ Ckii/3 and Ck11 are shown in Figures 7 and 8. From the

results it is clear that the two coefficients are essentially the same, and therefore we treat Ckij as an
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isotropic tensor, i.e., we write

P kij = n(m/2)Ck(φ,A)Tδij . (82)

The φ-dependence as well as the A-dependence of Ck are seen to be weak.

Following [19], the collision stress [cf. Eq. (15)] is written as

P cij = 4n(m/2)φχTCcij(φ,A), (83)

where χ is the Carnahan-Starling approximation for the radial distribution function at contact for

hard-sphere molecular systems [cf. Eq. (39)]. The dynamic simulation results for Cc ≡ Ccii/3 and

Cc11 are shown in Figures 9 and 10. Clearly, Ccij is not isotropic and has a strong A-dependence.

To explain these results for Ccij qualitatively, we note that the collision stress component in the

direction of the mean bubble motion, P c11, is most significantly affected by the collisions among

pairs of bubbles aligned along the mean relative velocity. The number of such collisions decreases

with increasing A, and, consequently, one expects P c11 to decrease with A. The trace of the collision

stress likewise is expected to depend on the averaged value of pair-probability over all orientations

of the colliding bubbles. This averaged value is the same as the area under the P (2a, µ) vs. µ

curve. As seen in Figure 1, this area is greater than unity for most values of A. In other words,

the total number of collisions increases with A and, as a consequence, one expects Cc to increase

with A.

Hydrodynamic stress components obtained from dynamic simulations are presented in Figure

11 for φ = 0.05 and in Figure 12 for φ = 0.3. All these stress components have been normalized

with mnφT . In each figure the trace of the Maxwell stress [cf. Eq. (16)] is shown together

with the average of the remainder of the hydrodynamic stress components, P hii and P h11. The

latter two were computed using Eq. (20). These components depend on the detailed spatial and

velocity distribution of the bubbles. Also shown in these figures are the predictions for these stress

components by Bulthuis et al. [26], who considered the special case in which the pair-probability

density is uniform for R > 2 and the dipoles of all the bubbles are the same. For this case only the

volume exclusion effect for R < 2 contributes to the hydrodynamic stress, and

P hij = (9/10)ρφDmDn(δijδmn + δimδjn + δinδjm). (84)

According to this expression the hydrodynamic stress components are positive and, when normal-

ized by ρT as in Figures 11-12, increase with A (since v, and, hence, D, increase with increasing A

at fixed T ). The results of numerical simulations show this trend for small A, but at large A (at

least for φ = 0.05) the hydrodynamic stress is seen to become negative, indicating that the effect

of anisotropy in the pair-probability density and detailed bubble-bubble interactions is opposite to

the volume exclusion effect.

Also shown in Figure 11-12 is the Maxwell contribution to the trace of stress as given by Eqs

(18) and (24). It is seen that the total hydrodynamic stress is dominated by the Maxwell stress

PMij , thus, we may approximate the total hydrodynamic stress by simply the Maxwell stress.
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To obtain approximate formulas for the parameters introduced in Eqs (82) and (83), we first

derive dilute-theory results for Ck and Cc.

To estimate Ck we need to evaluate I · v. Once again, simply substituting Eq. (51), multiplying

with the pair-probability density P2(C2), and integrating over phase space leads to nonabsolutely

convergent integrals. A proper renormalization is found by writing, from Eqs (62) and (63),

m−1I · v = −C2 + C ·D + 2D2. (85)

The first two terms on the right-hand side can be evaluated directly as shown below, but the last

term would require renormalization. To avoid its evaluation we shall use the following identity for

I2 obtained from, once again, Eqs (62) and (63):

m−2I2 = C2 + 2C ·D +D2. (86)

Now I2 can be expressed readily in terms of v and A∗ by using Eqs (44) and (46):

I2 =
m2

4
v2(1 + 3/A∗). (87)

Thus we can use Eq. (86) to eliminate D2 from Eq. (85). We remark in passing that the velocity

variance is obtained similarly from

v2 = C2 − 4C ·D + 4D2, (88)

which we need below to obtain the value of Ck.

The term C2 in Eq. (85) is readily calculated by noticing that, by Eqs (61) and(59), it equals

nC2 = a6
∫
P2(x, Iα,x + R, Iγ)Dα

mD
γ
n∂

2
miR

−1∂2
niR
−1dRdIαdIγ +O(φ2). (89)

In writing the above expression use has been made of the fact that G is of O(φ). Now, since the

integrand in the above is already O(R−6), we can simply substitute Dα,γ = −m−1Iα,γ and use a

limiting form of P2(C2) for R→∞. The integration is now trivial, and leads to

C2 =
1

4
φm−2I2 +O(φ2), (90)

where Eq. (46) is used to express β in I2.

In a similar manner, combining Eqs (61) and (59) with Eq. (66) and using G = 3φD, we obtain

C ·D(x) = 2φD
2
(x) +

1

n

∫
R>2

a3
[
Dα
i D

γ
j ∂

2
ijR
−1P1(x, Iα)P1(x + R, Iγ) −

Dα
i D

γ
j ∂

2
ijR
−1P2(x, Iα,x + R, Iγ)]

]
dRdIαdIγ . (91)

Integration yields

C ·D =
1

2
φv2 +

φ

4
v2
(
−3

8
+

1

4
A∗ +

3

20
A∗2

)
/A∗, (92)
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where use has been made of Eq. (44).

Eqs (86), (90) and (92) can be substituted into Eq. (85) to give

m−1I · v =
1

2
mv2

(
1− 15

4
φ− 9

40
φA∗

)
+
mv2

2A∗

(
3− 9

16
φ

)
. (93)

The relation between A∗ and A, in which the results are to be presented, is also readily obtained

using Eq. (88):

A∗ = A

(
1 +

3

16
φ− 37

16
φA− 3

20
φA2

)
. (94)

Upon substituting Eq. (94) in Eq. (93) and comparing the result with Eq. (82), we finally obtain

Ck = 1− 3

8
φ+O(φ2). (95)

This expression agrees exactly with the result of Kang et al. [19] forA = 0, where no renormalization

was needed. More importantly, this shows that Ck is independent of A in agreement with the results

of numerical simulations (cf. Figure 7). In Figure 7, the solid lines represent the expression given

by Kang et al. [19], obtained by fitting the results of numerical simulations with A = 0:

Ck = 1− 0.35φ− 0.42φ2. (96)

We see that this expression applies to non-dilute bubbly liquids even when A is nonzero.

The collision stress given by Eq. (15) can alternatively be expressed as [19]

P cij(x) = −4a3
∫
g′·k>0

Fc,ikjg
′ · kP2(C2)dkdIαdIγ (97)

with g′ = vα − vγ the relative velocity between the two colliding bubbles just before contact and

k a unit vector along xγ − xα, bubble α being placed at x, i.e., xα = x. The collision force is (see

[15] and [19])

Fc = −ma(g
′ · k)k, (98)

where ma = (m/2)(1 − 3R−3 + 6R−6)−1|R=2 ' 0.7m is the added mass at contact. Carrying out

the integrations in Eq. (97), and comparing the result with Eq. (83) gives

Cc = 1− 1

R6

(
9

4
− 3

2
A− 9

10
A2
)∣∣∣∣
R=2

, (99)

where we have replaced A∗ by A. We take this opportunity to report that there was a typographical

error in Kang et al. [19] in the result for Cc at A = 0; the coefficient in front of R−6 in Eq. (55) of

that study should be changed from 9/8 to 9/4, and the resulting expression then agrees with the

present result, Eq. (99), at A = 0.

It is found that only a small correction for larger volume fractions is needed to fit the dynamic

simulation data shown in Figure 9:

Cc =

[
1− 1

64

(
9

4
− 3

2
A− 9

10
A2
)]

(1− 0.42φ). (100)
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Thus the A−dependence of Cc observed in simulations is well predicted by the theory for φ� 1.

The numerical simulation results for Cc11 can be adequately represented by means of

Cc11 =

[
1− 1

64

(
9

4
− 0.1A+ 0.01A2

)]
(1− 0.42φ); (101)

Thus the collision stress is given by

P cij = 4n(m/2)Tφχ

(
1

2
(Ccii − Cc11)δij +

1

2
(3Cc11 − Ccii)eiej

)
, (102)

with the coefficients Cc11 and Ccii given by Eqs (100) and (101), and ei a unit vector in the direction

of the mean bubble motion.

Figure 13 shows the trace of the total bubble-phase stress as a function of A for various values

of φ. At small A the kinetic and collision stresses dominate, and they are always positive. The

hydrodynamic stress, on the other hand, is always negative and increases in magnitude with A,

thus we expect that the total stress will become negative at sufficiently large A for a given φ. We

extrapolated the results shown in Figure 13 to determine Acr at which this stress will become zero.

The results are shown in Figure 14. One would expect that clustering would be very significant

for A > Acr and therefore the results shown in this figure may be used as a rough criterion for

estimating the magnitude of velocity fluctuations needed for preventing clusters in bubbly liquids.

The solid line shown in Figure 14 corresponds to the prediction of a simple theory outlined below.

Since we have seen that P hij is much smaller in magnitude compared with the Maxwell stress,

we set it to zero. The total stress is then given by

P ≡ Pkk/3 = (m/2)n[CkT (1 + 4φχ(Cc/Ck))− 9φD
2
]

= (m/2)nT
[
Ck(1 + 4φχ(Cc/Ck))− φA((Ca/2) + 1)2

]
, (103)

where we have related the averaged dipole to the averaged velocity via Eq. (24). Equating the

total stress to zero, we obtain

Acr =
Ck[1 + 4φχ(Cc/Ck)]

φ[(Ca/2) + 1]2
. (104)

Since Ca and Cc are functions of both φ and Acr, we must solve for Acr in the above by trial and

error. An explicit expression is obtained if we neglect the dependence of these coefficients on Acr.

The upper curve in Figure 14 was generated by taking Cc = Ck and using Eqs (2) and (96) to

estimate Ca and Ck, respectively. We see that this simple procedure gives fairly accurate estimates

of Acr; the error at φ = 0.05 is within the confidence range of extrapolation of the numerical results

shown in Figure 13. Evidently, the increase in Ca with A is partially compensated by the increase

in Cc with A.

Note that according to this expression Acr → 4/(9φ) as φ → 0, indicating that small velocity

fluctuations will be adequate in preventing clustering in very dilute bubbly liquids. Finally, the

above analytical result can be easily extended to φ > 0.3. For example, at φ = 0.5 it predicts
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Acr ' 2, indicating that Acr is nearly constant for φ > 0.25. The increase in Ca at higher φ is offset

by the increase in the collision stress, or χ.

The stability criterion for the uniform state of bubbly liquids derived from the continuity and

momentum equations for the bubble-phase depends on the compressibility dP/dφ of the bubble-

phase. Although we shall not undertake the complete stability analysis in the present study, it is

of some interest to determine the value A′cr at which the isothermal (constant T ) compressibility

becomes zero. This can be done readily be differenting Eq. (103) at constant T and setting the

derivative to zero. The result for A′cr thus obtained is represented by the lower curve in Figure

14. We see that A′cr approximately equals Acr/2 for the complete range of φ. Considering that we

have not seen complete phase-transition from the random gas-like dispersed state to a clustered

state in any of our simulations, we see that the uniform state is stable even when the isothermal

compressibility becomes negative. Thus, a complete analysis including the energy equation may be

needed for predicting the exact phase-transition point.

4.5 Terms in the impulse fluctuation equation

The impulse fluctuation equation (37) is expressed in terms of the impulse variance, whereas we

shall be usually interested in the bubble phase temperature. We therefore define

I2 − I2
= 3CI(m/2)2T. (105)

Note that, in the light of the observed isotropy of bubble velocity fluctuations (cf. Figure 6), we

restrict our attention to the trace of IiIj (the impulse variance tensor has indeed found to be nearly

isotropic in the simulation results). Upon substituting Eq. (94) in Eq. (87) it is seen that CI for

dilute bubbly liquids is given by

CI = 1− 3

16
φ(1−A), (106)

where we have used Eqs (24) and (70). This dilute-theory result is seen to hold also for higher

volume fractions in Figure 15. Notice that the ordinate scale varies only from about 0.94 to 1.06

for the results shown in the figure, and hence the scatter in the data should be interpreted as rather

small.

The energy-flux qijk given by Eq. (38) is written as

qijk = n

(
m

2

)2

[f1vivjvk + f2Tδijvk + f3T (δikvj + δjkvi)] . (107)

Dynamic simulation results for f1, f2 and f3 are shown in Figures 16–18. We see that f2 ' f3. It

is easy to show that f1, f2 and f3 are O(φ). Therefore the results of numerical simulations were

fitted as follows:

qijk =

(
m

2

)2

nφ

[
(viδjk + vjδik + vkδij)T

(
3

2
− A2

18

)
+ vivjvk

(
4

3
− 5

A

)]
. (108)
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The solid lines in Figures 16-18 compare the above fitted expressions to the results of numerical

simulations.

The trace of the fluctuation impulse flux is given by

qiik =

(
m

2

)2

nφvk

[
5

2
T +

{
4

3
− 5A

18

}
v2
]
. (109)

The source term Sij in the energy equation was also evaluated in dynamic simulations. Our

simulations showed that its magnitude was always very small and that it fluctuated around zero

for all A and φ. Thus, we may set Sij to zero for the case of mean relative motion in the absence of

imposed velocity gradients. It should be noted that this quantity does play a very important role

in the energy equation of sheared suspensions, as shown in [19]. That its value must be zero for

the case of mean relative motion examined here can also be concluded from the fact that at steady

state all the other terms in the energy equation vanish for inviscid interactions in homogeneous

suspensions.

The calculation of τ cijkl amounts to determining the change in ∂(Iαi I
α
j )/∂vαl during collisions of

bubble α with the other bubbles in the suspension. As shown in Kang et al. [19] such quantities,

which appear in the calculation of the collision stress, may be evaluated reasonably accurately by

treating the bubbles as if they were rigid particles of mass (m/2)Ck. Their calculations required

the derivative of Iαi v
α
j and a reasonable approximation for our purpose can be made by multiplying

their result by (m/2)CI/Ck. Thus a reasonable approximation to τ cijkl is

τ cijkl = (m/2)(CI/Ck)[δilP
c
jk + δjlP

c
ik] (110)

Likewise, we also relate τhijkl to the hydrodynamic stress.

The ponderomotive term requires the calculation of CDI defined by

IiDj − IiDj = −(m/4)CDITij . (111)

By using Eqs (62) and (63) it is easy to show that CDI = (2/3)Ck + CI .

Only the viscous dissipation term, Fv · I − Fv · I, in Eq. (37) remains to be calculated. The

finite viscosity affects the fluctuation equation in two ways. The first one corresponds to giving rise

to the viscous dissipation term in the fluctuation equation. To leading order this can be determined

by evaluating the above term for the spatial and velocity configurations given by the potential flow

interactions, as has been done for the other terms in the averaged equations in the present study.

This term will give a sink term in the impulse variance equation as given by 36πµanRIdissI
2
, where

RIdiss, as a function of φ and A, will be evaluated below. The second effect of finite viscosity arises

from the fact that the viscous forces acting on the bubbles will alter slightly the bubble trajectories

and velocity distribution. The viscous, as well as potential forces acting on the bubbles, will be

modified as a consequence, and this will lead to a term that can be treated as a part of Sij (note

that it will then depend on the viscosity of the liquid). The source of energy fluctuations arising
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from such interactions has been evaluated for the case of solids sedimenting through a viscous

gas by Koch [35] for dilute, and by Koch and Sangani [36] for non-dilute, gas-solid suspensions.

The balance of the source of energy fluctuations produced by hydrodynamic interactions and the

sink of energy with the viscous dissipation determines the magnitude of T/v2 in homogeneous,

monodisperse sedimenting suspensions. Since the dynamic simulations of buoyant rise of bubbles

by Smereka [14] and Sangani and Didwania [15] have shown that velocity fluctuations continue to

decrease with increasing time when the viscosity is finite, we conclude that the source of energy

fluctuations arising from hydrodynamic interactions with small viscosity in the absence of mean

shear must be very small in magnitude. Thus, we shall determine here only the sink term arising

from finite viscosity of the liquid.

The energy dissipation term is written as

n
(
Fv,iIi − F v,iIi

)
= −36πµan(m/2)TRIdiss(φ,A). (112)

The simulation results for RIdiss are shown in Figure 19. A dilute-theory result for RIdiss is straight-

forwardly obtained by calculating Fv · I using Eq. (73) and the discussion thereafter. The result

reads

RIdiss = 1− 3

16
φ+

7

48
φA. (113)

This dilute-theory result is shown in Figure 19 to represent data up to φ = 0.3 well, so no higher-

order volume-fraction correction is needed.

5 Simplified equations

With all the terms in the averaged equations calculated for the case of nonzero mean relative motion

in the present study, and for the case of nonzero velocity gradient in Kang et al. [19], we are now

in a position to propose the complete set of averaged equations for flows of bubbly liquids at large

Reynolds and small Weber numbers. The continuity and momentum equations for the bubble phase

are given by Eqs (12) and (13). The bubble-phase stress calculated in the present study can now be

combined with that in Kang et al. [19]. It was shown there that the rheology of the bubble phase is

non-Newtonian, exhibiting shear thickening and nonzero normal stress differences. To explain these

simulation results and multiple steady states of sheared bubbly liquids it was necessary to solve for

the second moments of the velocity distribution. Significant normal-stress differences were found

only when the Reynolds number based on the shear rate was small (say less than 50) and when

the volume fraction is less than say 0.05. Outside this range, however, a much simpler Newtonian

stress tensor was found to be adequate. For the sake of simplicity therefore we shall adopt that

expression and write

P ∗ij = (ρ/2)φT (Ck + 4φχCc)δij − [κ− (2/3)µs] e
p
kkδij − 2µse

p
ij , (114)
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where κ and µs are the bulk and shear viscosities of the bubble phase. Note that these are not

the viscosities of the gas inside the bubble; instead, as shown in [19], their values will be close to

that of a dense monatomic gas whose molecules have a mass equal to Ck(φ)m/2, as in the case of

viscosities of granular materials (Jenkins and Savage [37], Babic [38], Sangani et al. [39]). Using

the analogy with the kinetic theory of dense gases and granular materials, we write (see Babic [38],

Sangani et al. [39])

µs =
16

5π1/2
Ck(ρ/2)aT 1/2φ2χ

[
1 +

π

12

(
1 +

5

8φχ

)2
]
, (115)

κ =
16

3π1/2
Ck(ρ/2)aT 1/2φ2χ. (116)

The particle strain rate epij to be used in Eq. (114) is defined as

epij = (γpij + γpji)/2, γpij =
∂

∂xj
(ui + Cavi). (117)

It should be noted that Kang et al. [19] considered the case of simple shear flows with no mean

force on the bubbles and therefore in their analysis the mean relative velocity vi was zero, and

the bubble phase strain rate epij was equal to the mixture strain rate eij . In general the two are,

of course, not equal, and one must substitute epij for eij in [19] since one expects the transfer of

momentum in the bubble phase with nonzero epij to occur even when eij = 0. A closer examination

of the fluctuation equation derived in Section 3 suggested that the work done by the stress P ∗ij must

be multiplied by epij and not by the gradient of wi = ui + vi.

Although the expression for the stress tensor proposed here is Newtonian, it must be kept in

mind that T in our system, as in the granular flows, depends on the shear rate unlike molecular

systems, where T is independent of the shear rate. A higher shear rate will lead to larger velocity

fluctuations and hence greater T . Thus the relation proposed here allows for the most important

feature — the shear thickening behavior — of the bubble-phase rheology found in Kang et al. [19].

The fluctuation energy equation is

3

2
(ρ/2)φ

dT

dt
= −∂Qj

∂xj
− P ∗ije

p
ij − 36πµan(T − αv2)− 3(ρ/2)φTij

∂Gi
∂xj

. (118)

In writing the above equation we have set Ck, CI , CDI , and RIdiss all to unity. Our computations

in Section 4 showed that all these coefficients related to the fluctuations in impulse or velocity

moments were not very different from unity unlike Ca and Cd appearing in the average momentum

equation for which the long-range nature of interactions are significant and the coefficients differ

from unity significantly. We estimate that setting all these coefficients to unity would result in an

overall estimate of T that will differ by less than 15% for φ < 0.3 from that obtained by keeping

these coefficients.
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The term on the left-hand side of Eq. (118) can be interpreted as the rate of change of kinetic

energy per unit volume of the suspension due to fluctuation motion of the bubbles. The first term

on the right-hand side represents the flux of energy. Supplementing the expression obtained in

Section 4 with the Fourier’s conduction law, we obtain

Qj = −k ∂T
∂xj

+ (ρ/2)φ2vj

[
5

4
T +

{
2

3
− 5v2

36T

}
v2

]
(119)

with the conductivity k given by

k =
8

π1/2
(ρ/2)aT 1/2φ2χ

[
1 +

25π

512φ2χ2

]
, (120)

The above expression, and the coefficients of viscosities, are taken from the granular flow literature

(see, e.g. [37-39]) by substituting the added mass m/2 of the bubbles for the mass of the particles

in granular flows.

The second term on the right-hand side of Eq. (118) represents the rate of work done (per unit

volume) by the bubble-phase stress (minus the Maxwell stress) on the bubble-phase rate of strain

epij . (Note that our definition of the stress is the negative of the stress σij used in the usual fluid

mechanics literature.) This term then represents the conversion of mechanical work into internal

or fluctuation energy.

The third term on the right-hand side represents the effect of viscosity on the fluctuation

equation. Here, we have added an ad-hoc αv2 term that is supposed to represent the source of

fluctuation energy arising from the viscous effects as discussed earlier. We have not evaluated α

because, as argued earlier, it is expected to be small in magnitude for pure potential flow interactions

at small Weber numbers. Note that at steady state, in the absence of imposed shear, and for

homogeneous, buoyancy driven flow, α = T/v2 = A−1. The fact that the dynamic simulations for

this condition shows formation of large clusters indicate that α < A−1
cr . As discussed later it may be

possible, however, to choose α from the experiments conducted at finite Weber numbers for which

the clusters are not observed.

The last term in Eq. (118) represents the rate of work done by the force induced by the backflow.

Recall that Gi = 3φDi. Apparently, it also equals the work done by the kinetic part of the stress

on the backflow gradient, although this may just be an artifact of taking CDI = Ck. Unlike all the

other terms introduced so far this term requires all the second moments Tij = vivj − vivj of the

velocity distribution. Recognizing that the kinetic stress can be evaluated by using the coefficients

of viscosity for ideal gases (φ→ 0) we estimate P kij = (ρ/2)φTij from (cf. Eq.(114))

P kij = (ρ/2)φTδij − 2µs(0)[epij − (1/3)epkkδij ] (121)

where µs(0) is the shear viscosity obtained by taking the limit φ→ 0 in Eq. (115).

Finally, it should be noted that the lift force and the Sij term do not contribute to the energy

equation. Both of these do affect the individual components of the second moments of velocity
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but not to the fluctuation energy. Note that Sii = 0 is a consequence of our assumption that the

collision between bubbles conserve the kinetic energy of the liquid.

Thus, we see that the average equations for the bubble-phase are very similar to those for the

rapid granular and high Stokes gas-solid suspensions [38,39]. The bubbles can be treated as if their

mass equals m/2 as far as the energy equation and the rheology is concerned, and as if their mass

equals Cam/2 as far as their net momentum is concerned. The mean relative velocity of the bubbles

in addition creates a negative Maxwell pressure, and this can play an important role in the stability

of bubbly liquids when the temperature fluctuations are not large. In addition, we also see that

additional terms in the energy flux vector arises when the relative velocity of the bubbles is nonzero.

Another important difference is that the behavior of bubbly liquids depends additionally on the

mixture velocity ui through the force Fu in the momentum equation and through eij that appears

in the rheology of the bubble phase. Thus, in addition to the above continuity, momentum, and

fluctuation energy equations for the bubble phase, we also need to solve, in general, the appropriate

mixture equations. These, we present next.

The continuity and the momentum equations for the gas-liquid mixture are derived in [18,20]:

∇ · u = 0, (122)

ρ

[
∂

∂t
(1− φ)ui

L +
∂

∂xj
(1− φ)ui

Luj
L

]
= − ∂p

∂xi
+ ρ(1− φ)gi −

∂

∂xj
Σ̂ij . (123)

Here ui
L = ui− φvi/(1− φ) is the averaged liquid velocity, p is the averaged mixture pressure plus

one-third of the trace of Σij , and Σ̂ij ≡ Σij − (1/3)δijΣkk is the deviatoric part of the mixture

stress Σij defined by

Σij = ΣR
ij + ΣS

ij + Σv
ij (124)

with the Reynolds, interfacial, and viscous stresses defined as, respectively,

ΣR
ij = ρ〈Θ(ui − uiL)(uj − ujL)〉, ΣS

ij = an〈
∫
Sα

(pL − pG)ninjdA〉, (125)

Σv
ij = −〈Θτv,ij〉 − na〈

∫
Sα
τv,iknknjdA〉. (126)

In the above expressions Θ(x) is the liquid-indicator function whose value is unity when x is inside

the liquid and zero otherwise, τv,ij is the viscous stress in liquid, i.e. total stress plus pLδij , p
L being

the pressure determined from the inviscid equations, ni is the unit outer normal on the surface of

a bubble, and n is the number density of the bubbles. Note that the interfacial stress equals the

number density of bubbles times the (inviscid) stresslet induced by the motion of bubbles.

For large Reynolds number flows the Reynolds and interfacial stresses will dominate the total

deviatoric stress in most regions of the flows. The viscous stress, however, will become important

in the regions where the volume fraction of the bubbles is small, e.g. near the wall. Thus, we must

determine the complete φ dependence of ΣR
ij and ΣS

ij using an inviscid flow theory while it will
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suffice to determine the viscous stress for dilute bubbly liquids. As shown in Appendices A and B

the total stress can be evaluated from

Σij = P ∗ij + (ρ/2)φvivj
[
Ca + φ

{
(Ca + 2)(2 + φ(Ca + 2))− 2(1− φ)−1

}]
− 2µ(1 + 5φ/3)eij + I.T.,

(127)

where I.T. stands for the isotropic terms. Their evaluation is not necessary since we are only

interested in the deviatoric part of the mixture stress. The mixture stress is seen to consist of the

bubble-phase stress (note that the Maxwell stress is isotropic and therefore P ∗ij can be replaced by

total Pij without any consequences) and an extra part that depends on the mean relative velocity

of the bubbles. The leading term in this extra part, i.e. (ρ/2)φvivj , agrees with the expressions

given by Biesheuvel and van Wijngaarden [20] and Sangani and Didwania [18], among others, who

considered dilute bubbly liquids with all the bubbles rising with the same velocity. As noted first in

[20], the mixture stress is anisotropic even in the absence of an imposed velocity gradient. We also

see that in the large Reynolds number limit the liquid viscosity is modified by a factor of 1 + 5φ/3.

This factor is different from the more familiar Einstein factor 1+5φ/2 which applies to the effective

viscosity of dilute suspensions of rigid spheres in the zero Reynolds number limit. Note also that,

because Σij is directly related to the bubble-phase stress, the mixture will also exhibit a shear

thickening behavior – larger shear rates will increase the velocity fluctuations, and this in turn will

lead to greater mixture viscosity.

Finally, it should be noted that the effective pressure p must be treated as an unknown in

addition to u unlike the stress P in the bubble-phase equation where it was treated as a function

of φ, T , and eij . The effective pressure defined here is the averaged mixture pressure plus the

trace of Σij ; the detailed relation between the two is unnecessary since in most applications, e.g.

in determining the pressure drop across the length of a pipe in which the bubbly liquid is flowing,

it is p that is important and not the ensemble-averaged pressure.

6 Concluding remarks

We have presented a complete set of averaged equations for the gas-liquid mixture and the bubble-

phase in this study for the special case of large Reynolds, small Weber number flows. Considerable

simplifications that occur in the equations describing the flow induced by the relative motion of

the bubbles make it possible to fully analyze the effect of bubble interactions at finite φ on the

closure relations in these flows. From a practical point of view, however, the small Weber number

limit is somewhat restrictive: the bubbles in most ordinary flows quickly coalesce to become 2-3

mm in diameter, and then the deformation of the bubbles and the resulting wake and form drag

effects become important. Also, the Weber number based on the root-mean-squared velocity may

become large in some instances even though say the Weber number based on imposed shear is

small, as shown by numerical simulations in Kang et al. [19]. To extend the range of application
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of the equations derived here to larger bubbles, an approach that seems promising at present is to

rely on experiments at relatively small to moderate Weber numbers to determine the finite Weber

number corrections to some of the terms in the average equations derived here. For example, the

added mass and viscous drag coefficients may be multiplied by the corresponding correction factors

for single ellipsoidal bubble determined by Moore [2], as has been done recently by Lammers and

Biesheuvel [34]. The viscous term in the energy equation may be multiplied by a correction factor

given by Kang et al. [19] (cf. their Eq. (93) with Wev there replaced by the WeT = ρaT/σ,

the Weber number based on the magnitude of velocity fluctuations) so that T does not increase

in an unbounded manner with the increasing shear rate. Likewise the constant α introduced in

the energy equation (cf. Eq. (118)) should be determined as a function of Weber number and φ

from the recent measurements of void fraction wave speeds in a bubble column by Lammers and

Biesheuvel [34]. The numerical simulations of bubbly liquids at finite Weber and Reynolds number

through direct numerical solution of Navier-Stokes equations of motion as done, for example, by

Tryggvason and his colleagues [40–42], although limited at present to relatively small Reynolds

numbers, also offer a possibility of determining α in finite Weber number flows. We believe that

this approach of combining the averaged equations based on detailed calculations with small We

with a few modifications determined from available experimental data provide the most promising

approach to developing a reliable set of averaged equations for describing flows of bubbly liquids.

Our future work will be concerned with investigating in detail the consequences of these equations

to the stability and other experimentally well-examined bubbly liquid flows.
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Appendix A: Reynolds and interfacial stresses

In addition to the bubble-phase stress tensor Pij , which occurs in the averaged momentum equation

for the bubbles, the stress tensor Σij in the momentum equation of the mixture also needs to be

evaluated. Biesheuvel and van Wijngaarden [20] and Sangani and Didwania [18] determined Σij

for dilute bubbly liquids. In this Appendix, Σij is related to the bubble-phase stress Pij , for which

results for arbitrary volume fractions were presented in Section 4. Since we are mainly interested

in determining the mixture and bubble velocities, and not the mixture pressure, only the deviatoric

part of Σij is important.

The Reynolds stress contribution to Σij is expressed in terms of the fluid velocity fluctuations

about the averaged liquid velocity uLi by Eq. (125). To relate this Reynolds stress to bubble-

phase stress components we first eliminate the averaged liquid velocity from this definition using

uLi = ui − φ
1−φvi. Substituting this, together with u′i = ui − ui in Eq. (125), gives for the Reynolds

stress

ΣR
ij = ρ〈Θu′iu′j〉 − ρ

φ2

1− φ
vivj . (128)

Here we have used that Θu′i = −φvi, which follows from the requirement that the average of u′i in

the mixture is zero. The hydrodynamic interaction stress in Bulthuis et al. [26] is formulated in

terms of the fluid velocity relative to the average backflow induced by the bubble motion, Gi. We

therefore substitute u′i = Gi + u∗i in Eq. (128):

ΣR
ij = ρ〈Θu∗iu∗j 〉 − ρ

[
(1− φ)GiGj + φ(Givj +Gjvi) +

φ2

1− φ
vivj

]
. (129)

The only unknown on the right-hand side is the first term, but that can be related to the bubble-

phase stress tensor by using Eq. (63) in Bulthuis et al. [26], i.e., by using

−ρ−1P hij = ΘTij + n〈
∫
Sα
nksjTikdA〉, (130)

with Sα the surface of a test bubble α, Tij = u∗iu
∗
j − 1

2δiju
∗
ku
∗
k, and nk = sk/a the outward normal

vector at the bubble surface. Substituting this into the above expression for the Reynolds stress

gives

ΣR
ij = P hij − ρn〈

∫
Sα
nksjTikdA〉 − ρ

[
GiGj(1− φ) + φ(Givj +Gjvi) +

φ2

1− φ
vivj

]
+ I.T., (131)

where I.T. refers to isotropic terms. The integral over the surface of a bubble is combined with the

interfacial stress below.

The interfacial stress is given by

ΣS
ij = n〈

∫
Sα
pLnisjdA〉+ I.T. . (132)
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In Eq. (132) pL is the pressure in the liquid just outside a test bubble. We shall assume that

the flow is incompressible and irrotational. Then pL follows (to a constant) from the Bernoulli

equation,

−p
L

ρ
=
∂ϕ

∂t
+

1

2
u2 =

(
∂ϕ

∂t

)
s
− wαi ui +

1

2
u2. (133)

Here s is a coordinate system that moves with bubble α (having velocity wα). The contribution of

the partial time derivative of ϕ to ΣS
ij plays an important part in the propagation of sound waves

through bubbly flows, as the bubble radius is then a function of time [20]. Here, however, the

bubbles are incompressible, for which case the contribution of ∂ϕ/∂t to ΣS
ij can be shown to be

unimportant. Thus, neglecting the time derivative, and substituting Eq. (133) into Eq. (132),

ΣS
ij = ρn〈

∫
Sα

(
wαkuk −

1

2
u2
)
nisjdA〉+ I.T. . (134)

Again we write the velocity in the mixture as u = u + G + u∗ to give, with Gt ≡ G + u,

ΣS
ij − ρn〈

∫
Sα
nksjTikdA〉 = ρn〈

∫
Sα

(vαk −Gk) (u∗knisj − u∗inksj) dA〉+ I.T.. (135)

The integral on the right-hand side can be evaluated using the point-dipole approximation Eq.

(60):

ρ

∫
Sα

(niu
∗
k − nku∗i )sjdA = δkj(I

α
i −mGi)− δij(Iαk −mGk). (136)

Combining now the two stress contributions we have

ΣR
ij + ΣS

ij = P hij + n < I∗i v
∗
j > −ρ[(1− φ)GiGj + φ(Givj +Gjvi) + φ2vivj/(1− φ)] + I.T., (137)

where I∗,αj = Iαj −mGj . and v∗,αj = vαj −Gj .
The above can be corrected for the collision of the bubbles by assuming that very short-range

forces act on the bubbles during the collision process which alter only the pressure distribution in

the gap region between the two colliding bubbles. Let pcol be the excess pressure during the short

collision process. This gives an additional contribution to the interfacial stress as given by

2n

∫
Sα
pcolnisjdA = −2nancol

j Fc,i, (138)

with Fc,i the total collision force on one of the bubbles and ncol
j the normal on the surface of that

bubble at the point of contact with the other bubble. The factor 2 arises from the fact that the

collision involves two bubbles. This collision contribution is, after averaging Eq. (138),

Σc
ij = −2na〈ncol

j Fc,i〉 = − 2an

N∆t

∑
ncol
j Fc,i = P cij . (139)

Thus, the contribution of collisions to the stress in the mixture equation is the same as that to the

stress in the momentum equation for the bubbles.

Combining now the above stress with Eq. (137), using Ii = (m/2)Cavi, and Gi = 3φDi =

−(Ca/2 + 1)vi, and simplifying we obtain the result given in the main text (cf. (Eq. (127)).
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Appendix B: Viscous stress Σv
ij

As mentioned in the main text, the viscous stress will be important in large Reynolds number flows

only in the regions where the volume fraction of the bubbles is small. We shall therefore evaluate

the leading order effect of the bubbles on stress at large Reynolds numbers. The viscous stress at

a point in the liquid is given by τv,ij = −pvδij + 2µeij . (We shall use a slightly different notation in

this Appendix and refer to the local strain rate as eij and the average strain rate as Eij even though

we used eij in the main text to denote the average strain rate of the mixture.) pv is the correction

to the inviscid pressure arising from the small viscous effects. We expect this pressure and τv to

be linear in the velocity of the bubbles and to the imposed velocity gradient Eij unlike the inviscid

pressure which was bilinear in the velocity of the bubbles. Thus, the average viscous stress, being

a second-order tensor, will be independent of the mean velocity of the bubbles in an isotropic or

dilute suspension, and we only need to consider the effect of finite Eij . Now, the viscous pressure,

and hence the stress, can be evaluated in the manner outlined in [8,29] for the small-amplitude

oscillatory flows induced by an imposed time-dependent strain rate, Eije
iωt, in the same way as

we have used it to determine the viscous drag forces on the bubbles. Alternatively, we can use

dissipation arguments to first evaluate the total viscous dissipation and then equate it to −Σv
ijEij

to determine Σv
ij . Both methods yield exactly the same result although we shall present here only

the analysis using the latter.

Let the velocity in the liquid be given by ui = Eijxj + u∗i , where u∗i is the disturbance velocity

field due to the presence of the bubble at origin. It is to show that

u∗i (r) =
a5

3r5
Eij

[
xjδik + xiδjk − 5

xixjxk
r2

]
, (140)

with x = r/r. Writing eij = Eij + e∗ij , the dissipation rate per unit volume of the mixture is given

by

Ėdiss = 2µ〈Θeijeij〉 = 2µ[(1− φ)EijEij + Eij〈Θe∗ij〉+ 〈Θe∗ije∗ij〉]. (141)

The second term on the right-hand side is zero and the third term can be evaluated by converting

it to a volume integral outside the test bubble and using a divergence theorem which converts the

volume integral in the liquid to an area integral on the surface of the bubble:

〈Θe∗ije∗ij〉 = −n
2
〈
∫
Sα

∂u∗2

∂r
dA〉, (142)

where n is the number density of the bubbles. The above integral can be shown to equal 32πa3/9.

Combining this result with Eq. (141) we have

Ėdiss = −Σv
ijEij = µ(1 + 5φ/3)EijEij , (143)

or, since Eij is arbitrary, Σv
ij = −2µ(1 + 5φ/3)Eij .
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Figure captions

Fig. 1.

P (2a, µ), the pair probability density for two bubbles in contact with the line joining their centers

at an angle cos−1µ with the direction of the mean bubble flow, as a function of µ and A. Markers

indicate simulation results and lines represent Eq. (57). Numbers refer to values of A. χ is the

radial distribution function value at contact for the hard-sphere molecular systems.

Fig. 2.

P (2a, µ) as a function of µ and volume fraction φ for A = 1.4± 0.05. Markers indicate simulation

results, line represents Eq. (57). 2, volume fraction φ = 0.1; ×, φ = 0.2; +, φ = 0.3.

Fig. 3.

Side view (a) and top view (b) of bubble positions at the end of a simulation with A = 5.3 and

φ = 0.05. The coordinates have been scaled with the bubble radius.

Fig. 4.

Added mass coefficient Ca as a function of A for different volume fractions φ. Markers indicate

simulation results and lines represent Eq. (71).

Fig. 5.

Drag coefficient Cd as a function of A for different volume fractions φ. Markers indicate simulation

results and lines represent Eq. (78).

Fig. 6.

The ratio of variance in the bubble velocity along its mean motion and T as a function of A for

different volume fractions φ. Simulation results. 2, φ = 0.05; ×, φ = 0.1; +, φ = 0.15; 3, φ = 0.2;

∗, φ = 0.3.

Fig. 7.

Ck, the kinetic stress coefficient, as a function of A and φ. Refer Fig. 5 for legends; lines represent

Eq. (96).

Fig. 8.

Ck11 as a function of A and φ. Refer Fig. 5 for legends; lines represent Eq. (96).

Fig. 9.

Cc, the collision stress coefficient, as a function of A and φ. Simulation results: 2, φ = 0.05; ∗,
φ = 0.3. Lines represent Eq. (100).
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Fig. 10.

Cc11 as a function of A and φ. Simulation results: 2, φ = 0.05; ∗, φ = 0.3; lines represent curve fits

(cf. Eq. (101)).

Fig. 11.

Hydrodynamic interaction stress tensor components normalized by ρT . Markers indicate simulation

results for φ = 0.05; 2, trace PMii of the Maxwell stress; + trace P hii of the hydrodynamic stress

without Maxwell stress; ×, normal component in the direction of mean bubble motion P h11 of the

hydrodynamic stress without the Maxwell stress. Line through the squares is the result for the

Maxwell stress obtained from Eq. (18) and Eq. (24); the other lines refer to the predictions of P h11

and P hii by Bulthuis et al. [32] (cf. their equation (47)) for the case when the dipoles of all the

bubbles are equal and spatial distribution is uniform; the lower line is P h11, the upper line is P hii .

Fig. 12.

Same as in Fig. 11, but for φ = 0.3.

Fig. 13.

The trace of total bubble-phase stress as a function of A. 2, φ = 0.05; +, φ = 0.1; ×, φ = 0.15.

Fig. 14.

Values of A above which the total bubble-phase stress trace becomes zero (Acr) or the isothermal

compressibility becomes zero (A′cr). The symbols represent the values of Acr obtained by extrapo-

lating the simulation results such as those given in Fig. 13 while the curves are predictions for Acr

and A′cr.

Fig. 15.

CI as a function of A for different volume fractions. Markers indicate simulation results, and lines

represent Eq. (106). +, φ = 0.15; 3, φ = 0.2; ∗, φ = 0.3.

Fig. 16.

f1 as a function of A and φ. 2, φ = 0.05; ×, φ = 0.15; +, φ = 0.3.

Fig. 17.

f2 as a function of A and φ. Refer Fig. 16 for legends.

Fig. 18.

f3 as a function of A and φ. Refer Fig. 16 for legends.

Fig. 19.
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RIdiss as a function of A and φ. Markers are simulation results, lines are Eq. (113). 2, φ = 0.05;

×, φ = 0.15; +, φ = 0.3.
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