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Abstract
Ensemble-averaged equations are derived for small-amplitude acoustic wave propagation through
non-dilute suspensions. The equations are closed by introducing suspension effective properties
such as the compressibility, density, viscoelasticity, heat capacity, and conductivity. These effective properties as a function of frequency, particle volume fraction, and physical properties of the
individual phases are estimated using a self-consistent, effective-medium approximation. The theory is shown to be in excellent agreement with various rigorous analytical results accounting for
multiparticle interactions. The theory is also shown to agree well with the experimental data on
concentrated suspensions of small polystyrene particles in water obtained by Allegra and Hawley
and for glass particles in water obtained in the present study.
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Introduction

Measurement of attenuation of acoustic waves propagating through a suspension of solid or fluid
particles in a fluid can be used to infer the properties of the suspension. When the particle volume
fraction in the suspension is very small the particle interactions may be neglected and the attenuation as a function of the sound wave frequency can be determined by examining the interaction
of a single particle with the incident wave as has been done by a number of investigators in past.
For example, Carstensen and Foldy (1947) examined the problem of dilute bubbly liquids while
Epstein and Carhart (1953) and Allegra and Hawley (1972) examined, respectively, the case of
dilute emulsions and dilute slurries. Since the attenuation behavior is strongly dependent on the
particle radius, the attenuation-frequency data for dilute suspensions may be used for determining
the particle size distribution as shown by Duraiswami et al. (1998) who considered the case of
bubbly liquids. The corresponding problem for dilute slurries has been examined recently by Spelt
et al. (1999).
In many processes it is desirable to monitor continuous flows of non-dilute suspensions. The
particle interactions can have a significant effect on the acoustic behavior of non-dilute suspensions
and at present rigorous calculations accounting for these interactions are lacking. Direct attack on
the problem, i.e., solving the linearized energy, momentum, and continuity equations for multiparticle systems, appears to be a daunting task even with the development of efficient computers. Thus,
it is necessary to develop a suitable approximate theory and to assess its validity by comparison
with the experimental data obtained with different kinds of suspensions.
We use the method of ensemble averaging to derive linearized continuity, momentum, and
energy equations for the suspensions. These equations are closed by introducing effective properties
of the suspensions, viz. the effective conductivity, viscosity (or viscoelasticity), compressibility,
and density. To estimate these properties as a function of frequency, physical properties and
volume fractions of the individual phases, we must determine the relation between the conditionallyaveraged temperature and velocity fields inside a test particle and the temperature and velocity
fields of the suspension. A self-consistent, effective-medium approximation is used for this purpose.
The predictions of the theory are compared with several known rigorous analytical calculations
accounting for multiparticle interactions in dense suspensions in the limiting case of relatively small
frequencies for which the acoustic wavelength is large compared with the particle radius. At very
low frequencies, for which the thermal and viscous (Stokes) layers become large compared with the
particle radius, we expect the velocity and temperature fields to satisfy, respectively, the Stokes and
Laplace equations. The effective properties such as the viscosity, conductivity, and permeability,
for monodisperse suspensions in this limit are well-established (e.g, Ladd 1990; Mo and Sangani
1994). It is shown that the effective-medium approximation is in excellent agreement with these
results. For moderate frequencies, at which the Stokes layer is very small compared with the particle
radius and the wavelength is large compared with the radius, the velocity field satisfies the Laplace
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equation outside the Stokes layers. Added mass and Basset force coefficients, which contribute to
the effective density of the suspension, have been determined by Sangani et al. (1990) for this
limiting case. Once again, the effective-medium predictions are shown to be in excellent agreement
with these rigorous calculations.
We also compare the predictions of the theory with the experimental data on attenuation.
Probably the best data in the literature are due to Allegra and Hawley (1972) who measured
attenuation in polystyrene-water system at frequencies for which the thermal effects contribute most
significantly to the attenuation. Our theory is shown to be in excellent agreement with their data.
To test the theory for the cases in which the attenuation due to viscous and scattering effects are
significant, we have measured attenuation in glass-water and glass-water/glycerol systems at small
to intermediate frequencies. For smaller particles, for which the viscous attenuation dominates, the
theory and experiments are in very good agreement with each other. For larger particles, for which
the scattering dominates, the agreement is very good only up to about 30% volume fractions.
The organization of the rest of the paper is as follows. In Section 2 we derive rigorous average
equations for linear acoustics and introduce effective properties of the suspensions. In Section 3 we
compare the predictions of the effective-medium theory with various analytical results and show how
the effective properties vary with the frequency and particle volume fraction. Section 4 describes
the experimental set-up used for obtaining attenuation data. Section 5 gives a comparison between
the theory and various experimental data. In Section 6 we present some results on the phase
speed of sound waves, and discuss the possibility of using phase speed measurements for measuring
particle volume fractions. Finally, Section 7 summarizes important findings of the study.

2
2.1

Theory
Linearized equations

Let us consider a small amplitude plane acoustic wave with frequency ω propagating through a
uniform, monodisperse suspension of solid particles of radius a. We write the density as ρ + ρ0 e−iωt ,
the temperature as T + T 0 e−iωt , and the velocity as ue−iωt . A note regarding the notation: both
the equilibrium and small fluctuation values are important for the density and temperature and
we therefore use primes to denote the amplitudes of the fluctuations in these quantities. Only the
amplitudes of the velocity and the other field variables (stress, heat flux, etc.) will be needed, and
we denote the amplitudes of these quantities without a prime so that the resulting equations look
less cluttered. When the amplitudes ρ0 , T 0 and u are small, the terms involving the products of
these quantities can be neglected from the continuity, momentum, and energy equations to obtain
the following linearized equations:
−iωρ0 + ρ∇ · u = 0,
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(1)

−iωρui =
−iωρCv T 0 = −

∂σij
,
∂xj

(2)

∂qj
− ρCv β −1 (γ − 1)∇ · u.
∂xj

(3)

In writing the last equation, we have made use of the linearized equation of state to eliminate the
pressure from the usual energy equation. The stress tensor amplitude σij for a Newtonian fluid is
given by
"(

)

c2 ρ
−
+ µv ∇ · u −
iωγ

σij =



ρ(γ − 1)Cv
βT

#



T

0

δij + dij

(4)

where dij is the deviatoric stress amplitude
"

#

∂ui
∂uj
2
dij = µ
+
− δij ∇ · u .
∂xj
∂xi
3

(5)

Cv is the constant volume specific heat, γ = Cp /Cv is the ratio of specific heats, µ and µv are,
respectively, the shear and bulk coefficients of viscosity, c is the adiabatic sound speed through
the fluid, and β is the coefficient of thermal expansion. Note that the first and the third terms
inside the square brackets on the right-hand side of (4) are related to the thermodynamic pressure
amplitude:
0

p =



∂p
∂ρ





0

ρ +
T

∂p
∂T



T0 =

ρ

c2 0 ρ(γ − 1)Cv 0
ρ +
T.
γ
βT

(6)

Finally, qj = −κ∂T 0 /∂xj in (3) is the heat flux amplitude, κ being the thermal conductivity.
Inside the solid particles equations similar to (1)-(3) apply with the stress tensor given by
(Landau & Lifschitz 1986)
"(

σij =

λ̃ + 23 µ̃
−iω

)



∇·u−

ρ(γ − 1)Cv
βT

#



T

0

δij + d˜ij ,

(7)

where λ̃ and µ̃ are the Lamé constants for the particles assumed to be perfectly elastic. Note
that for solids it is customary to write the stress in terms of displacement instead of velocity. For
small amplitude oscillatory motions the amplitudes of the two are, of course, related by a factor of
1/(−iω), and this fact has been used in writing the first term on the right-hand side of the above
equation. Note also that the factor λ̃ + (2/3)µ̃ is the bulk modulus of the solid. Thus, the isotropic
part of the stress tensor represented by the terms inside the square brackets in the above equation
arises from the density and temperature changes in the solid. The deviatoric stress tensor d˜ij is
defined in the manner similar to (5), with the fluid viscosity replaced by the ‘particle viscosity,’
µp = µ̃/(−iω). Note that the Lamé constant µ̃ is sometimes referred to as the shear modulus.
The above linearized equations must be solved subject to the boundary conditions of continuity
of velocity, temperature, heat flux, and traction (σij nj , nj being the unit outward normal at the
particle surface) at the interface between the particles and the fluid. In concentrated suspensions
4

particle interactions are significant and the rigorous evaluation of sound speed and attenuation
through the suspension would require a very difficult task of solving the above set of equations in
a domain containing many particles.
The problem as outlined here involves a number of variables. It may be possible to simplify
it in some limiting cases of small or large frequencies or when the physical properties of the two
phases are widely different as in the case of acoustic propagation in bubbly liquids (Prosperetti
1984). However, it is desirable to measure the attenuation over a wide range of frequencies in order
to characterize the suspension, and for most solid-liquid suspensions the ratio of physical properties
does not differ significantly from unity. Thus, it is desirable to solve the full problem as described
above.

2.2

Ensemble-averaged linearized equations for suspensions

In this subsection we ensemble-average the equations for the amplitudes of density, velocity, and
temperature in the fluid and solid phases, and obtain thereby the linearized continuity, momentum,
and energy equations for the suspension. It will be shown that the resulting equations have a
form similar to the equations for a single phase provided that the suspension is assigned suitable
properties, which we refer to as the effective properties of the suspensions. An important outcome
of the averaging process will be that it will yield rigorous expressions for various effective properties
of the suspension.
Let us denote by g(x) the particle indicator function defined to be unity when the point x is
inside any of the particles and zero when x is in the fluid. The properties and field variables of
the liquid and particles will be denoted by subscripts l and p, respectively. The ensemble-averaged
variables will be denoted by angular brackets.
Multiplying the continuity equation for the liquid by the liquid indicator function 1 − g and for
the particle by g, adding the two, and averaging the resulting equation we obtain the continuity
equation for the suspension
−iωhρ0 i + ρl h(1 − g)∇ · ul i + ρp hg∇ · up i = 0.

(8)

The last two terms on the left-hand side of the above equation must now be expressed in terms
of the divergence of the average velocity, i.e., ∇ · hui, so that the resulting equation resembles the
continuity equation of a single phase medium (cf. (1)). We begin with the identity
ρl h(1 − g)∇ · ul i + ρp hg∇ · up i = ρl ∇ · hui + (ρp − ρl )hg∇ · up i + ρl h(ul − up ) · ∇gi.

(9)

The gradient of the indicator function is zero at all points except at the particle-fluid interface where
it is proportional to the Dirac delta function owing to the step jump in g across the particle-fluid
interface. More specifically,
∇g = −nδ(x − xs ),
5

(10)

where x = xs represents the surface of the particles, δ is the Dirac delta function, and n is the unit
normal vector, pointing into the liquid, at the particle surface. Because the velocity is continuous
across the solid-liquid interfaces, the last term in (9) vanishes. The second term on the right-hand
side of that equation contains an as yet unknown quantity, hg∇ · up i. Since the equations of smallamplitude acoustics are linear, it is expected that this quantity depends linearly on ∇ · hui. We
therefore write this term as
hg(x)(∇ · up )(x)i = φλρ ∇ · hui(x),

(11)

where φ is the volume fraction of the solids. Substituting for hg∇ · up i from (11) into (9) yields the
continuity equation for the suspension (8) to be given by
−iωhρ0 i + ρc,e ∇ · hui = 0

(12)

with the effective equilibrium density of the suspension to be used in the suspension continuity
equation, i.e. ρc,e , given by
ρc,e = ρl + (ρp − ρl )φλρ .

(13)

Physically, λρ represents the ratio of average dilatation amplitude in the particle phase to that in
the fluid-particle mixture or the suspension. This coefficient will depend on the compressibilities of
both phases, volume fraction, spatial distribution of the particles, and other variables appearing in
the governing equations listed in the previous subsection. Thus, we see that, in general, the effective
equilibrium density of the suspension to be used in the suspension continuity equation cannot be
given by some arbitrary mixture rule, e.g. the volume-averaged density or the mass-averaged
density. An approximate scheme for estimating λρ will be described in the next subsection.
We now proceed to derive the momentum equation for the suspension starting from (2) and its
counterpart for the particles. Using the same procedure as in the continuity equation we obtain
*

−iωρm,e hui i =

∂σij,p
g
∂xj

+

*

∂σij,l
+ (1 − g)
∂xj

+

.

(14)

The effective (equilibrium) density of the suspension to be used in the momentum equation, ρm,e ,
is given by
ρm,e = ρl + (ρp − ρl )φλv

(15)

φλv hui(x) = hg(x)up (x)i.

(16)

with the coefficient λv defined by

Physically, λv represents the ratio of average velocity amplitude inside the particles to that in
the suspension. Once again this coefficient, and such other coefficients to be introduced in this
subsection, will, in general, depend on complex multiparticle interactions, and the details of its
evaluation will be described later.
6

The right-hand side of (14) can be simplified using the identity
∂hσij i
∂
≡
hgσij,p + (1 − g)σij,l i =
∂xj
∂xj

*

∂σij,p
g
∂xj

+

*

∂σij,l
+ (1 − g)
∂xj

+

*

∂g
+ (σij,p − σij,l )
∂xj

+

. (17)

The last term in the above equation, being related to the jump in the traction across the interface,
vanishes owing to the boundary condition σij,p nj = σij,l nj at the particle-fluid interface. Thus,
we see that the right-hand side of (14) simply equals the divergence of the average stress in the
suspension, i.e., the momentum equation for the suspension is given by
−iωρm,e hui i =

∂hσij i
.
∂xj

(18)

We must supplement the above momentum equation with an expression for the average stress.
The linearity of the equations implies that the stress amplitude will be linear in the gradient of
average velocity amplitude and hT 0 i.
Let us first consider the isotropic part of the average stress or, equivalently, the stress trace.
Multiplying the isotropic part in (4) by 1 − g and that in (7) by g and averaging, we obtain
1
hσkk i =
3

(

)

D
E
hc2 ργ −1 ie
+ µv,e ∇ · hui − T −1 ρ(γ − 1)Cv β −1
hT 0 i
m,e
−iω

(19)

with
hc2 ργ −1 ie = c2l ρl /γl + φλρ

hn

o

i

λ̃ + (2/3)µ̃ − c2l ρl /γl ,

(20)

µv,e = µv (1 − φλρ ),

(21)

and
D

ρ(γ − 1)Cv β −1

E



m,e



= ρl (γl − 1)Cv,l βl−1 + φλT ρp (γp − 1)Cv,p βp−1 − ρl (γl − 1)Cv,l βl−1 .

(22)

The coefficient λρ was defined earlier (cf. (11)). λT , on the other hand, is a new coefficient which
is defined as the ratio of average temperature amplitude inside the particles to that in the mixture,
i.e.
φλT hT 0 i(x) = hg(x)Tp0 (x)i.

(23)

Both the effective c2 ρ/γ and the bulk viscosity of the suspensions depend on the coefficient λρ .
This is not surprising since both depend on the average dilatation amplitude inside the particles.
The result that the effective bulk viscosity µv,e of the suspension depends only on the bulk viscosity
of the fluid may appear strange at first sight, but it is really a consequence of the way the isotropic
part of the stress is defined for the liquid and solids (cf. (4) and (7)). The stress arising from the
thermal expansion or, equivalently, temperature fluctuations depends on ρ(γ − 1)Cv /βT of the two
phases and the relative temperature fluctuations in the two phases.
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Since the deviatoric stress amplitudes in the individual phases depend only on the velocity
gradient amplitude, we expect the average deviatoric stress to be linear in the gradient of average
velocity amplitude. It also must be traceless. If we further assume that the suspension is macroscopically isotropic, then the average deviatoric stress is characterized by a single effective (shear)
viscosity, µe . Thus, we write
!

hdij i = µe

∂hui i ∂huj i 2
+
− δij ∇ · hui .
∂xj
∂xi
3

(24)

To obtain an expression for the effective viscosity we need to evaluate only one component of the
average deviatoric stress. We shall take, without loss of generality, the mean velocity amplitude to
be given by
hui(x) = −∇eikce ·x = −ikce eikce ·x ,

(25)

where kce is the effective wave number vector for the compressional wave through the suspension.
We shall choose this vector to be aligned along the x1 -axis. The 11-component of the deviatoric
stress is given by
2
∂uk
∂u1
−
µ
.
(26)
∂x1
3
∂xk
The last term on the right-hand side of the above equation, being related to the dilatation am







hd11 i = 2 µ

plitudes, can be readily related to the coefficient λρ introduced earlier. The first term on the
right-hand side can be expressed in terms of a coefficient λd defined by
∂hu1 i
=
φλd
∂x1

*

∂up1
g(x)
(x) .
∂x1
+

(27)

With this definition it is straightforward now to relate hd11 i to the gradient in velocity amplitude:
hd11 i = 2 [µl + φλd (µp − µl )]

∂hu1 i 2
∂huk i
.
− [µl + φλρ (µp − µl )]
∂x1
3
∂xk

(28)

Substituting for hui from (25) in (28) and in (24) with i = j = 1 and comparing the resulting
expressions yields the following expression for the effective viscosity:
µe = µl + (1/2)φ(µp − µl ) (3λd − λρ ) .

(29)

Finally, the energy equation for the suspension, obtained by averaging 1 − g times the energy
equation for the liquid plus g times that for the solid, is given by
−iωhρCv ie hT 0 i = −

E
∂hqj i D
− ρCv β −1 (γ − 1)
∇ · hui.
e,e
∂xj

(30)

Here an argument similar to (17) has been used to simplify the energy-flux term (thereby using the
boundary condition at the particle surface that the heat flux is continuous). In (30) the effective
heat capacity of the suspension is given by
hρCv ie = ρl Cv,l + φλT (ρp Cv,p − ρl Cv,l )
8

(31)

with λT defined by (23). The effective property hρCv (γ − 1)β −1 ie,e appearing in the last term on
the right-hand side of (30) is related to λρ , and the expression for evaluating it is obtained by
replacing λT in (22) by λρ .
The average heat flux amplitude is written as
hqj i = −κe

∂hT 0 i
∂xj

(32)

with the effective conductivity
κe = κl + φλκ (κp − κl ) ,

(33)

where the coefficient λκ is the ratio of the average temperature gradient amplitude inside the
particles to that in the suspension, i.e.,
∂hT 0 i
φλκ
=
∂xi

∂Tp0
g(x)
(x) .
∂xi

*

+

(34)

In summary, the continuity, momentum, and energy equations for the suspension are given by
(8), (18) and (30); the average stress tensor by (19) and (24), and the average heat flux by (32).
These equations resemble the equations for the single phase given in Section 2.1 with suitably
defined effective properties of the suspension.

2.3

Wave equations for the suspension

To find an expression for the attenuation of sound waves in a suspension it is necessary to derive
wave equations from the linearized acoustic equations for the suspension as was done by Epstein
and Carhart (1953) for pure liquid. We shall follow here that derivation closely. As shown by these
investigators the acoustics equations permit three waves: a thermal wave, a shear or rotational
wave, and a compressional wave. The last one is the most significant as far as the attenuation of a
plane acoustic wave is concerned. The other waves are important in determining the disturbance
produced by a test particle in the suspension as we shall see in the next subsection.
We decompose the average velocity amplitude in scalar and vector potentials as given by
hui = −∇Φ + ∇ × A.

(35)

Since the curl of a gradient of any scalar function is zero, A can be specified to within a gradient of
an arbitrary scalar function. To remove this arbitrariness an additional restriction is imposed that
A be divergence free, i.e., ∇ · A = 0. It may be noted that the vorticity amplitude equals −∇2 A.
Introducing the decomposition in the momentum equation for the suspension (18), and rearranging, we obtain
"

∇ iωρm,e Φ +

(

)

#

E
4
1D
hc2 ργ −1 ie
+ µv,e + µe ∇2 Φ +
ρ(γ − 1)Cv β −1 hT 0 i =
e
−iω
3
T

∇ × [iωρm,e A − µe ∇ × (∇ × A)] .
9

(36)

Here, we have used the vector identity ∇2 a = ∇(∇ · a) − ∇ × (∇ × a). The energy equation (30)
becomes
D

E

−iωhρCv ie hT 0 i = κe ∇2 hT 0 i + ρCv β −1 (γ − 1)

e,e

∇2 Φ.

(37)

Both sides of (36) must vanish separately because a rotational vector field cannot balance an
irrotational field. Hence the right-hand side being zero gives, after using the above-mentioned
vector identity and ∇ · A = 0,
2
∇2 A + kse
A=0

(38)

2 ≡ iωρ
with kse
m,e /µe . kse is the effective wavenumber for shear waves through the suspension.

The left-hand side of (36) being zero gives an expression for hT 0 i in terms of the velocity
potential:


hT 0 i = T −iωρm,e Φ −



i 2 −1
4
hc ργ ie + µv,e + µe
ω
3




∇2 Φ

 D

ρ(γ − 1)Cv β −1

E
m,e

(39)

Eliminating hT 0 i from the energy equation for the suspension (37) by substituting for hT 0 i from the
above yields
Φ + (E − F + G) ∇2 Φ − EF ∇4 Φ = 0,

(40)

with
i
4
hc2 ργ −1 ie
−
µv,e + µe
2
ρm,e ω
ρm,e ω
3
iκe
ωhρCv ie
ρCv β −1 (γ − 1) e,e ρ(γ − 1)Cv β −1


E =
F

=

G =



T ρm,e ω 2 hρCv ie

(41)
(42)
m,e

.

(43)

Equation (40) can be written in the form


−2 2
kce
∇ +1





−2 2
kte
∇ + 1 Φ = 0,

(44)

so that Φ = Φc + Φt with




(45)



(46)

2
∇2 + kce
Φc = 0,



2
∇2 + kte
Φt = 0.

The effective wavenumbers for the compressional and thermal waves are given by, respectively,
o1/2
1
1n
−2
kce
= (E − F + G) +
(E − F + G)2 + 4EF
,
2
2
o1/2
1
1n
−2
kte
= (E − F + G) −
(E − F + G)2 + 4EF
.
2
2
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(47)
(48)

As mentioned earlier the compressional wavenumber is the most important one as far as the acoustic
wave propagation of the plane wave is concerned. The imaginary part of kce gives the attenuation
while ω divided by the real part of kce gives the phase speed.
For future reference we note that the expression (39) for hT 0 i now can be written as
hT 0 i = bce Φc + bte Φt
with





bce = T −iωρm,e +

i 2 −1
4
hc ργ ie + µv,e + µe
ω
3




(49)

2
kce

 D

ρ(γ − 1)Cv β −1

E
m,e

.

(50)

Expression for bte is similar with kce in the above replaced by kte .

2.4

An effective-medium model

To determine the attenuation and phase speed we must now estimate various effective properties
of the suspensions. This requires determining five coefficients: λρ , λv , λT , λd , and λκ . Let us
begin with the evaluation of λρ which represents the ratio of average dilatation amplitude inside
the particles to that in the suspension. This is defined by (11), which is equivalent to
φλρ ∇ · hui(x) =

Z
|x−x1 |≤a

h∇ · up i (x|x1 )P (x1 )dV (x1 ).

(51)

Here, we have introduced a conditionally-averaged field. Thus, hui(x|x1 ) is the ensemble-averaged
velocity amplitude at point x given that in all the ensembles used in averaging a test particle was
centered at x1 . P (x1 ) is the probability density for finding a particle with its center in the vicinity
of x1 . For uniform, monodisperse suspensions P (x1 ) = n = 3φ/(4πa3 ), n being the number density
of the particles and φ the particle volume fraction.
We shall use an effective-medium approximation for determining the conditionally-averaged
fields, and hence, the integrals such as the one appearing on the right-hand side of (51). All
effective-medium approximations must satisfy the criterion that far from the test particle, i.e., for
|x − x1 | → ∞, the conditionally-averaged fields such as hui(x|x1 ) must approach the corresponding
unconditionally-averaged fields such as hui(x). On the other hand, for |x − x1 | ≤ a, i.e., for a
point inside the test particle, the conditionally-averaged fields must satisfy the equations governing
the particle phase. The simplest kind of effective-medium approximation then assumes that the
conditionally-averaged equation satisfies the suspending fluid equations for a ≤ r ≤ R and the
unconditionally-averaged eqautions for the suspension for r ≥ R. Here, r ≡ |x − x1 | is the distance
from the center of the particle. Different effective-medium approximations differ in their choice of
R. Some investigators choose R = a which eliminates the fluid region altogether. This makes the
subsequent analysis very simple but, unfortunately, the estimates obtained with R = a are typically
inferior, and in some cases unphysical. For example, it may yield negative effective properties at
high volume fractions. Other investigators choose R = aφ−1/3 with the incorrect reasoning that the
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volumes occupied by the particle and fluid for r ≤ R must be proportional to the volume fractions
of the two phases. In the present study we shall choose R to be given by
R
=
a



1 − S(0)
φ

1/3

,

(52)

with S(0) the zero-wavenumber limit of the suspension structure factor defined by
Z

S(0) =

[P (r|0) − P (0)] dr,

(53)

where P (r|0) is the probability density for finding a particle with its center near r given that there
is a particle with its center at origin. (Note that P (r|0) = δ(r) for r < a.) The structure factor of
the suspension can be determined experimentally by a light-scattering technique but in the absence
of such information one may choose S(0) to correspond to that of a hard-sphere molecular system
for which the well-known Carnahan-Starling approximation yields quite accurate estimates of the
structure factor as a function of the volume fraction:
S(0) =

(1 − φ)4
.
1 + 4φ + 4φ2 − 4φ3 + φ4

(54)

The effective-medium radius R based on S(0) was first introduced by Dodd et al. (1995) who
compared the results of rigorous multiparticle interactions for determining the short-time self- and
gradient-diffusivity of proteins in bilipid membranes with those obtained by the effective-medium
approximation and found a very good agreement between the two. In the problems concerned with
determining the collective mobility or the sedimentation velocity, where each particle is acted upon
with a constant force, it was shown in Mo and Sangani (1994) that the conditionally-averaged
velocity has the correct leading-order behavior at large r only when R is chosen according to (52).
For small volume fractions, S(0) given by (54) behaves as 1 − 8φ + O(φ2 ), and R → 2a. Thus, in
“well-stirred” dilute random suspensions the effective-medium begins at r = 2a according to (52)
and the fluid region a < r < 2a corresponds to the excluded volume region. Note that the more
usual choice R = aφ−1/3 would, on the other hand, suggest that the effective-medium begins at a
very large distance from the test particle in a dilute suspension which is unphysical except for the
situations such as dilute periodic or “well-separated” random suspensions defined by Jeffrey (1973)
(For such arrays S(0) is small when φ is small and (52) also gives R/a = O(φ−1/3 ).) Thus it is
not surprising that R based on (52) will give better estimates of the effective properites at small
to moderate volume fractions compared to those obtained with R = aφ−1/3 . Indeed, Sangani and
Mo (1997) have shown that the coefficients of O(φ2 ) corrections to the effective conductivity and
elasticity obtained using (52) are much closer to the rigorous results for these coefficients obtained
by detailed pair interaction calculations than those obtained with R = aφ−1/3 .
Before we close this brief review of effective-medium approximations, we should perhaps note
here one more class of effective-medium approximations made in the literature. These approximations involve immersing a pair of particles in the effective-medium. Examples are the calculations
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by Kim and Russel (1985) who estimated the permeability of a fixed bed of particles and Ju and
Chen (1994)’s calculations for the effective viscosity and elasticity of suspensions with a hard-sphere
spatial distribution. These calculations generally require far greater effort — comparable to direct
multiparticle calculations — and do not necessarily yield superior estimates compared with the
simple approximations based on a single particle. On the other hand, the single particle approximations will be inadequate for the suspension problems in which the changes in microstructure due
to imposed flow and their effects in turn on the suspension properties must be addressed.
Returning now to the problem of estimating the coefficients λρ etc. using the effective-medium
model consisting of a particle-fluid assembly of radius R immersed in a medium with the effective
properties of the suspension, we write the velocity inside the test particle in terms of scalar and
vector potentials as in the previous subsection. For the plane wave traveling along the x1 -axis with
hui(x) = −ikce exp(ikce · x) we have, for |x − x1 | ≤ a,
Φcp (x|x1 ) = exp(ikce · x1 )
Φtp (x|x1 ) = exp(ikce · x1 )
Ap (x|x1 ) = exp(ikce · x1 )

∞
X
n=0
∞
X
n=0
∞
X

in (2n + 1)Apn Pn (µ)jn (kcp r)

(55)

in (2n + 1)Bpn Pn (µ)jn (ktp r)

(56)

in (2n + 1)Cpn Pn1 (µ)jn (ksp r)

(57)

n=0

where r = |x − x1 |, µ = cosθ, θ being the angle between x − x1 and kce , jn is the spherical Bessel
function of the first kind (regular at r = 0), Pn is the Legendre polynomial of degree n, and Pn1 is
the associated Legendre polynomial of degree n and order 1. Ap is the only nonzero (azimuthal)
component of A.
Similar expressions can be written for a < r < R for which the relevant wavenumbers in the
expressions for Φcl , Φtl , Al are, respectively, kcl , ktl , and ksl . Both the spherical harmonics of
the first kind and second kind (corresponding to waves emanating from r = 0) must be included
in the expression. This leads to a set of six unknowns for each mode n describing the motion in
the liquid shell. Finally, for r > R, the potentials consist of the plane wave corresponding to the
unconditional motion plus outgoing waves with wavenumbers kce , kte , and kse . Thus, a total of 12
unknowns are needed in describing the motion for each mode n. These are determined from the
boundary conditions of continuity of velocity, traction, temperature, and heat flux amplitudes at
r = a and r = R. Note that the conditional density and temperature amplitudes can be determined
from the expressions for Φc , Φt , and A using the expressions given in the previous subsection. We
keep a total of N modes (typical calculation used N = 5) and solve the resulting 12N equations
numerically.
2 Φ + k 2 Φ to convert
We return now to the calculation of λρ . We use ∇ · up = −∇2 Φp = kcp
cp
tp tp
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the integral in (51) to integrals over Φp . Let us introduce a coefficient ηc given by
φηc Φc (x) ≡

Z
|x−x1 |≤a

Φcp (x|x1 )P (x1 )dV (x1 ).

(58)

Similarly, a coefficient ηt is introduced with Φcp (x|x1 ) in the above replaced by Φtp (x|x1 ). The
coefficient λρ is related to these two coefficients by
2
2
2
zce
λρ = zcp
ηc + ztp
ηp .

(59)

The integration in (58) must be carried out over all x1 such that |x − x1 | ≤ a. To convert this to
an integration over r we use the identity
exp [ikce · x1 ] = exp [ikce · x] exp [−irkce µ]
∞
X

= exp [ikce · x]

im (−1)m (2m + 1)jm (kce r)Pm (µ).

(60)

m=0

Now using P (x1 ) = n, substituting for Φcp from (55) into (58), making use of the above identity,
and carrying out the integration, we obtain
ηc =

∞
X
3
(2n + 1)Apn [zcp jn−1 (zcp )jn (zce ) − zce jn (zcp )jn−1 (zce )] ,
2 − z2
zce
cp n=0

(61)

where zcp = kcp a and zce = kce a. In the above expression j−1 should be taken to be cos(z)/z. In
deriving the above expression use has been made of the identity (Gradshteyn and Ryzhik 1994 —
note that there is a sign error in their 5.54(1))
Z

r2 jn (αr)jn (βr)dr =
=

π
rJn+ 1 (αr)Jn+ 1 (βr)dr
2
2
2(αβ)1/2
2
2
βr jn (αr)jn−1 (βr) − αr jn−1 (αr)jn (βr)
α2 − β 2
Z

(62)

(recall that jn (z) = (π/2z)1/2 Jn+ 1 (z)).
2

The expression for ηt is similar to (60) with Apn in that expression replaced by Bpn and zcp by
ztp . λρ can be evaluated now by substituting for ηc and ηt in (59).
The coefficient λT , which represents the ratio of average temperature amplitude inside the test
particle to that in the suspension, is also related to ηc and ηt . Inside the particle the temperature
amplitude is a linear combination of the potentials as given by < Tp0 > (x|x1 ) = bcp Φcp + btp Φtp ,
where bcp and btp are given by expressions similar to that given for bce given earlier (cf. (50)).
Now, since the unconditionally-averaged thermal potential, Φt (x), is zero, the average temperature
amplitude is given by < T 0 > (x) = bce Φc , and therefore
λT = (bcp /bce ) ηc + (btp /bce ) ηt .
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(63)

The other λ’s can be evaluated in a similar manner and are inter-connected. To determine
λv , we need to calculate the average of the x1 -component of the velocity amplitude inside the test
particle at x1 . Decomposing this velocity into three parts corresponding to contributions from the
three potentials, we write
Φt
A
c
λv = λΦ
v + λv + λv ,

(64)

A
where λΦ
v and λv are the irrotational and rotational field contributions, respectively. It can be

shown that
c
λΦ
v = ηc +

∞
3 X
Apn jn (zcp ) [njn−1 (zce ) − (n + 1)jn+1 (zcp )] .
zce n=0

(65)

t
The expression for λΦ
v is similar with ηc , zcp , and Apn in the above expression replaced by, respec-

tively, ηt , ztp , and Bpn . In deriving (65) use has been made of (60) and
exp [−ikce · r] ∇r Φ(r) = ∇r {exp [−ikce · r] Φ(r)} + ikce exp [−ikce · r] Φ(r),

(66)

with r = x − x1 . The divergence theorem is used to evaluate the integral of the first term on the
right-hand side of (66); the second term on the right-hand side is related to ηc in (65).
To evaluate the rotational contribution to λv we use the identity
exp [−ikce · r] ∇r × A(r) = ∇r × {exp [−ikce · r] A(r)} + exp [−ikce · r] ikce × A(r).

(67)

The last term on the right-hand side of the above expression does not contribute to the x1 component of the velocity, and the contribution from the first term can be readily evaluated to
give
λA
v

∞
3 X
=
n(n + 1)Cpn jn (zsp ) [jn+1 (zce ) + jn−1 (zce )] .
zce n=1

(68)

The result for λv can be used to determine other λ’s as well. Thus, it can be shown that
Φt
c
λκ = (bcp /bce ) λΦ
v + (btp /bce ) λv .

(69)

Finally, λd , defined by (27), is written as
Φt
A
c
λd = λv + λΦ
d + λd + λd ,

(70)

c
where we again made use of (66), with Φ replaced by u. The result for λΦ
d is

∞

3 X
Apn zcp jn0 (zcp ) + (n + 1)jn (zcp )
2
zce n=0

"

c
λΦ
d

=

(

!

(n + 1)2
n2
+
jn (zce )
2n + 3
2n − 1

(n + 1)(n + 2)
n(n − 1)
jn+2 (zce ) −
jn−2 (zce )
2n + 3
2n − 1

(n + 1)(2n + 1)
+
jn (zcp ) {(n + 2)jn+2 (zce ) − (n + 1)jn (zce )} .
2n + 3


−
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(71)

Φc
t
An expression for λΦ
d is obtained from λd by replacing Apn by Bpn and zcp by ztp . The contribution

from A is given by
λA
d =



∞
3 X
n(n + 2)
n(2n + 1)
n(n − 1)
−
(n
+
1)C
X
−
X
+
X
pn
n,n+2
n,n
n,n−2
2
zce
2n + 3
(2n + 3)(2n − 1)
2n − 1
n=1

(72)

with the short-hand notation

3
1
0
Xn,m ≡ − jn (zsp )jm (zce ) − zsp jn0 (zsp )jm (zce ) + zce jn (zsp )jm
(zce ) .
2
2

(73)

The scheme for estimating various effective properties and attenuation is as follows: (i) Assume
initially that the effective properties of the suspension are the same as that of pure liquid. (ii)
Determine the coefficients Apn , Bpn , etc. by solving the twelve equations resulting from the application of boundary conditions at r = a and r = R for each mode n up to n = 5. (iii) Estimate λρ ,
λκ , λv , etc. using the expressions given in this section. (iv) Estimate the effective properties of the
suspension. (v) Repeat steps (ii)-(iv) until all the effective properties have converged to within a
specified limit. The attenuation of the wave is given by the imaginary part of kce .

3

Comparison with known analytical results

We shall assess the effective-medium approximation in two steps. In the first, we consider various
limiting situations where we expect some of the effective properties to be dominated by multiparticle interactions in Stokes or Laplace fields for which rigorous results have been obtained in
recent years through direct numerical solution of the multiparticle system with hard-sphere spatial
configurations. The second step will be to compare the theory with the experimental data available
in the literature and some new data generated in our laboratory. This will be done in Section 5.
As we have seen the acoustic problem has many variables. This makes it somewhat meaningless
to present results in terms of one or two non-dimensional numbers. We shall instead choose a
particular solid-liquid system and then vary either the radius of the particle or the frequency. The
relevant physical properties for glass-water and polystyrene-water systems to be considered in the
present study are given in Table 1. In some calculations we shall vary the thermal conductivity
or density of the particles without varying other physical properties to explore the effect of these
properties. In some limiting cases it may be possible to solve a simplified set of equations in lieu of
the 12N set of equations required by our scheme. However, since our primary purpose is to assess
the effective-medium approximation and the computer program written for this purpose we use the
same program in all the comparisons shown here.
The effective viscosity of the suspension will be in general complex with the imaginary part
multiplied by frequency being the elasticity of the suspension. Results of rigorous multiparticle
computations are available in the literature for the case when inertia is negligible (Stokes flow) and
a uniform strain rate is applied to suspensions of rigid particles in an incompressible, Newtonian
16

fluid. The spatial distribution of the particles corresponded to the hard-sphere molecular systems
for which S(0) given by (54) applies. Ladd (1990) obtained the results with volume fractions (φ) in
the range 0-0.45. Mo and Sangani (1994) and Sangani and Mo (1997) repeated and confirmed his
results and also obtained an additional result for φ = 0.6. Their results are shown in Figure 1. To
see how well the effective-medium model developed in the present study approximates these values
we must pick frequencies for which the quasi-steady Stokes flow approximation will be expected.
The ratio of unsteady to viscous terms in the momentum equation for the liquid is ρl ωa2 /µl .
For a = 10−5 cm and f = ω/2π = 106 Hz this number equals 6 · 10−3 (we have taken water as the
suspending liquid but multiplied the viscosity with 10). The wave nature of the governing equations
depends on the ratio kcl a which equals 2π times the ratio of particle radius to the wavelength in
pure liquid. When this number is small the liquid may be treated as essentially incompressible.
For a and f listed above kcl a for water equals 4.2 · 10−4 . Finally, our calculations account for small
deformations of the particles. For particles to be treated as rigid, its shear modulus µ̃ divided by
the frequency must be much larger than the viscosity of the water. At ω = 106 /2π s−1 , the ratio
µ̃/(ωµl ) equals 2 · 107 and therefore the glass particles may be treated as rigid.
The solid curve in Figure 1 represents the estimates of the effective viscosity obtained by the
effective-medium model for the aforementioned conditions. The ratio Re(µe )/µl varies from unity
to about 20 as φ is varied from 0 to 0.6. At high volume fractions significant viscous dissipation
occurs in the narrow gap regions between the pairs of particles in close proximity and this dominates
the effective viscosity behavior at high φ. This phenomenon cannot be expected to be modeled
accurately by the single-particle approximation used here and therefore an excellent agreement
found here for φ = 0.45 and 0.6 may be regarded as fortutious.
Figure 2 shows that the real and imaginary parts of the effective viscosity increase with frequency
in the range where the unsteady term begins to become comparable to the viscous term in the liquid
momentum equation. The results for the real part of the effective viscosity may be rationalized as
follows. At relatively large frequencies we expect the viscous effects to be confined to small Stokes
layers of thickness δ = O((µl /ρl ω)1/2 ) surrounding each particle. The effective viscosity is the rate
of energy dissipation per unit volume of the suspension divided by the square of mean velocity
gradient γ̇ = O(kce hui). At high frequencies the dominant contribution to dissipation arises from
the Stokes layers whose volume per unit suspension volume is O(δa2 n), n being the number density
of particles, and the velocity gradient in these layers is O(γ̇a/δ). The effective viscosity must
therefore roughly scale as a/δ or a(ωρl /µl )1/2 for frequencies at which δ is small compared with
a. The observation that the real part of effective viscosity should increase with frequency as ω 1/2
is consistent with the results of Figure 2. The ratio (µl /ρl ωa2 )1/2 is about 0.01 for f = 1MHz
indicating that indeed the Stokes layers are thin at these frequencies (note that we have replaced
µl by its value for water divided by 1000).
The imaginary part of the effective viscosity is also seen to increase with increasing frequency
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in Figure 2. This elastic nature of the suspension is expected at higher frequencies.
We now compare the effective-medium results for λv with the known results. Recall that λv
represents the ratio of the velocity amplitude in the particle phase to that in the suspension. At
lower frequencies for which kce a is small and the scattering losses are small, the attenuation will be
dominated by the imaginary part of λv as suggested by Sangani et al. (1991) who evaluated the
real and imaginary parts of λv for a special case when the frequency is large enough for the Stokes
layers to be small compared with the particle radius but small enough for kca a to be small, i.e., for
the suspension to be essentially incompressible. We shall compare the results of effective-medium
approximation with their results next.
Sangani et al. gave their results in terms of added mass, Basset, and viscous drag coefficients.
The force balance on a particle in the suspension was written as
1
√
hF(t)i = ρl Vhu̇i + ρl VCa hu̇ − v̇i + 6a2 πρl µl Cb
2

Z t

hu̇ − v̇i(τ ) √

−∞

dτ
+ 6πaµl Cd hu − vi (74)
t−τ

where F is the force on the particle, v is the velocity of the particle, Ca , Cb and Cd are the added
mass, Basset and viscous drag coefficients and V the volume of a particle. Dots above variables
denote time derivatives. Noting that F(t) = ρp V v̇ and hvi = λv hui, and taking the time-dependence
of variables to be e−ıωt , the force balance (74) gives
Ca + 9ΩCd + 9Ω2 Cd =

2(ρ∗ λv − 1)
,
1 − λv

(75)

with Ω ≡ (iµl /(ρl ωa2 )1/2 and ρ∗ ≡ ρp /ρl . Sangani et al.’s analysis is valid when the magnitude of
Ω is small compared with unity, and the terms of O(Ω3 ) or smaller are neglected in (75). For small
(0)

(1)

Ω, λv can be expanded in a series λv = λv + Ωλv + ... to yield the relations
(0)

Ca =

(0)

The coefficients λv

(1)

and λv

2(ρ∗ λv − 1)
(0)

(1)

,

Cb =

1 − λv

2λv (ρ∗ − 1)


 .
(0) 2

(76)

9 1 − λv

were evaluated from the effective-medium theory results for λv at

small kcl a and small |Ω| by extrapolating to Ω = 0 and numerically differentiating the results with
respect to Ω, respectively. Figures 3 and 4 show a comparison with the rigorous multiparticle
calculations of Sangani et al. who determined Ca , Cb , and Cd as a function of φ and ρ∗ for periodic
as well as random arrays of spheres. The results for Ca for the body-centered cubic and random
arrays were very close to each other while that for the simple cubic arrays differed by about 12%
at φ = 0.5. It was also found that the dependence on ρ∗ was rather weak, typically within 5
percent variations occurred as ρ∗ was varied from zero to infinity. The results of Sangani et al.
showed in Figures 3 and 4 correspond to ρ∗ = 0 while the effective-medium results correspond to
glass particles in water with ρ∗ = 2.55. We see an excellent agreement between the added mass
coefficient obtained by the effective-medium approximation and for random or body-centered cubic
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arrays. The effective-medium approximation for Cb deviates systematically from the random arrays
result with the maximum deviation of about 20% at φ = 0.5. The theory in this case is much closer
to the results for the simple cubic arrays.
Next we consider the case when Ω is very large, i.e., frequencies at which the viscous drag
coefficient makes the leading contribution to λv . The results in this case can be compared with
the results of multiparticle Stokes flow calculations by Ladd (1990) and Mo and Sangani (1994).
Two kinds of results are available in the Stokes flow literature. The first is the hinderance factor
in sedimentation in which the average velocity of the particles is determined for the case when the
forces acting on all the particles are the same. The second is the calculation of the permeability of
a fixed bed of particles. There the average force on the particles is calculated for particles that all
have the same (zero) velocity, different from the mean velocity of the suspension. The situation in
oscillatory flows is neither but one expects that the results for the fixed bed resistivity would be
most applicable for large ρ∗ and those of the hinderance factor for very small ρ∗ . Figure 5 compares
the results of Ladd and Mo and Sangani for these two quantities with the results obtained using
the effective-medium approximation with ρ∗ = 10. These results were obtained with |Ω| = 22 and
kcl a = 0.001. The results for the sedimentation-hinderance factor were obtained only up to φ = 0.45
by these investigators while Mo and Sangani had obtained an additional value for the fixed bed
resistivity at φ = 0.6. Their result for φ = 0.6 was in excellent agreement with the well-known
Carman-Kozney correlation. We see that at least up to φ = 0.45, the hinderance factor and the
fixed bed resistivity are not too different from each other, and that the effective-medium results
are in excellent agreement for the entire range of φ.
Next, we compare the results for the effective conductivity. When kcl a is small the viscous
and thermal effects contribute most to the total attenuation. When the density ratio is close
to unity the translational oscillations and hence viscous attenuation are small and the thermal
effects become the primary source of attenuation. The effective conductivity as a function of
φ and the conductivity ratio κp /κl was determined experimentally by Turner (1976) who used
liquid fluidized beds of nearly monodisperse spheres. Sangani and Yao (1988) have carried out
multiparticle calculations for the same cases and found generally good agreement between the
simulations results and the experimental data of Turner. Figure 6 shows the comparison between
the effective-medium approximation and the data of Turner. Calculations were made with the
polystyrene-water system with f = 1MHz for which kcl a equals 4.2 · 10−4 and the ratio of unsteady
term to the steady conduction term ρl Cp,l ωa2 /kl equals 0.05. The thermal conductivity of the
particles was varied keeping other parameters fixed to determine the effect of conductivity ratio.
Agreement is generally very good except for the highest particle-to-liquid conductivity ratio of
160 and φ = 0.5 for which the effective-medium underpredicts the effective conductivity by about
30%. At such high conductivity ratios the narrow gap regions between pairs of particles in dense
suspensions contribute siginificantly to the overall heat flux and this is not captured accurately
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by the effective-medium approximation. The spatial distribution of the particles could also affect
significantly the results at high φ. For low conductivity particles we see an excellent agreement
between the experiments and the effective-medium approximation. It may be noted that the wellknown Maxwell relation

κe
1 + 2αφ
=
κl
1 − αφ

(77)

with α = (κp −κl )/(κp +2κl ) also gives accurate estimates of the effective conductivity for κp /κl = 0.
Figure 7 shows the results for the real and imaginary parts of the effective conductivity as a
function of frequency for two particle to liquid conductivity ratios. For κp /κl > 1 the real part of
the conductivity is seen to increase with the frequency. This result is similar to the one discussed
for the effective viscosity (cf. Figure 2). The opposite is true for the particles whose conductivity
is smaller than the fluid conducitivity. The imaginary part of the conductivity is seen to undergo
a maximum at frequencies for which the thermal layers are comparable to particle radius.
In summary, we have shown in this section that the effective-medium approximation yields very
accurate estimates of the coefficients λd (effective viscosity), λv (added mass, Basset force, and
viscous drag), and λκ (conductivity) for the monodisperse, random suspensions in the limits in
which the results of exact multiparticle interactions are available.
The two coefficients for which no exact results are available are λρ and λT but the computed
results for these coefficients show expected trends. For example, Figure 8 shows results for the
real and imaginary parts of λT which represents the ratio of average temperature amplitude inside
the particles to that in the suspension. The results are shown for polystyrene-water particles with
a = 0.11 microns, a system which was studied by Allegara and Hawley (1972). When the thermal
layer inside the particle becomes much larger than the particle radius, the temperature inside the
particle will be the same as the suspension temperature and λT will approach unity. This is the
situation for frequencies less than 1 MHz. At frequencies that are large enough so that the thermal
layer inside the particles is thin compared with the radius but small enough to keep the wavelength
large compared with the radius, we expect the particle temperature amplitude to be governed by
the temparature variations in the adiabatic case. A simple calculation shows that in this limit λT
and λρ are related by
λT =

2
(γp − 1)λρ kce
.
iωbce βp

(78)

The dot-and-dashed curve in Figure 8 is obtained by first computing λρ using the effective-medium
approximation and then using (78) to estimate λT . We see that at high frequencies the result for
λT obtained in this manner approaches that obtained from the direct evaluation using the effectivemedium approximation. The imaginary part of λT is seen to vanish in the limits of high and low
frequencies as one approaches, respectively, the adiabatic and isothermal limits.
All the results discussed in this section correspond to the limit of small kcl a for which the scattering losses are insignificant. Since all indications suggest that the effective-medium approximation
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is very accurate, we expect the theory to predict the thermal and viscous attenuations for small
kce a very accurately. Rigorous calculations are not available for kcl a = O(1) and we shall mostly
depend on the experimental data to assess the effective-medium theory in this regime.

4

Experimental set-up

The experimental set-up for measuring attenuation is shown in Figure 9. The suspension is handstirred in a vessel with transmitting and receiving transducers mounted flush with the inner walls
of the vessel. The distance between the transducers in a typical vessel was 5 cm; the width
and the height of the vessel being 8 and 13 cm, respectively. In dense suspensions for which
greater attenuation is expected, the experiments were carried out with smaller vessels with the
acoustic path lengths as small as 1.3 cm. The transducers were of piezoelectric videoscan immersion
type manufactured by Panametrics Inc. To cover a relatively broad range of frequencies, we used
transducers with center frequencies of 1.0, 2.25, 5.0, 7.5 and 10.0 MHz. The first two were 1.3 cm
in radius while the other two were 1 cm in radius.
A Matec TB-1000 digital synthesizer card installed in a desk-top computer was used to generate monochromatic tonebursts that propagated through the suspension and were received by the
receiving transducer. The signal was then sent to a LeCroy Model 9310A digital oscilloscope where
its amplitude was measured. Attenuation data were obtained for six to eight frequencies for each
transducer pair. Thus, the measurements were typically carried out at frequencies between 1 and
12MHz. The suspension was hand-stirred before each measurement. To calculate the excess attenuation caused by the presence of particles, we also measured the amplitude of the signal received by
the transducer for the pure liquid case. The excess attenuation for a given particle concentration
is then determined using
1
Vmix
α = − log
,
L
Vl




(79)

where Vmix and Vl are the voltage amplitudes of the received signals in the mixture and pure liquid,
respectively, and L is the distance between the transducers.
Further details about the experimental set-up can be found in Norato (1999).

5

Comparison with experiments

Several experimental results have been presented for dense slurries in the literature. In this section
we shall compare with these data as well as with results obtained in our laboratory. Allegra
and Hawley (1972) measured attenuation for nearly monodisperse polystyrene particles of radius
0.11µm in water. The acoustic frequency range used by these investigators was roughly 5 MHz-50
MHz. This corresponds to the non-dimensional wave numbers kcl a in the range of 0.002-0.02. At
such small wavenumbers the scattering losses are negligible, and since the density of polystyrene
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(1.07 g/cm3 ) is close to that of water, the translational oscillations of the particles and hence the
viscous attenuation are negligible. Thus, the thermal effects dominate the attenuation in Allegra
and Hawley’s experiments. The difference in thermal expansion coefficients between the particles
and the suspending liquid causes the temperature amplitude inside the particles to differ from that
in the liquid. This causes a heat flux through the surface of the particles that is out of phase with
the sound wave and leads to thermal attenuation.
Allegra and Hawley showed that when the thermal boundary layers as well as the wavelength are
much greater than the particle radius and the suspension is dilute (i.e., when κl /(ρl Cp,l ωa2 )  1,
kcl a  1, and φ  1 ), the attenuation is given by
1
2
α = φω 2 a2 cl T ρl ρ2p Cp,p
6

βl
βp
−
ρl Cp,l ρp Cp,p

!2

1 1 κp
+
.
κp 5
κl




(80)

The attenuation increases as f 2 in this limit. On the other hand, when the boundary layers are
much smaller than the particles while kcl a is still small, their analysis predicts that the attenuation
will increase with frequency as f 1/2 .
Allegra and Hawley (1972) compared their data with a theory for dilute suspensions and found
good agreement between the two for dilute suspensions. Since the effective-medium theory reduces
to their theory for dilute suspensions as φ → 0, we also expect a very good agreement at small
volume fractions. Allegra and Hawley compared the two in several of their figures but did not
specify the volume fraction of the particles used in obtaining the data except for one in which they
show the attenuation as a function of φ at several frequencies. We show their data for the lowest
volume fraction, φ = 0.058, in Figure 10. The asymptotic expression (80) is also shown in the
figure; it is seen that the experiments were carried out at frequencies for which the thermal layers
are comparable to particle radius.
As noted by Allegra and Hawley, the attenuation is sensitive to the thermal properties of
polystyrene particles. If we take these properties to be the same as given by these investigators and
reported in Table 1, we find that the predicted attenuation is slightly greater than the experimental
values as indicated by the solid line in Figure 10. However, there is some uncertainty about the
values of the physical properties as given by Allegra and Hawley. In their paper Allegra and Hawley
show that their results depend quite strongly on the equilibrium temperature - because the physical
properties do - and that there is a significant discrepancy between the theory and experiments in
this temperature dependence. Especially the attenuation at temperatures ≤ 20o C is overpredicted.
Allegra and Hawley mentioned that the factor βp /(ρp Cp,p ) (cf. (80)) introduces the uncertainty. To
be able to have a fair comparison between the dense slurry data and the effective-medium theory
we have therefore changed the value of β for polystyrene somewhat (decreased by 11%) to get the
best fit at low volume fractions, which is seen to be excellent.
Figure 11 compares the effective-medium approximations with the attenuation data as a function
of volume fraction of the particles at different frequencies. We see an excellent agreement at all
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volume fractions. (Slight differences seen are within the error introduced in reading the data from
Allegra and Hawley’s figures or due to small temperature variations that could occur during the
experiments.) Note that simply using the dilute theory of Allegra and Hawley (1972) would have
overpredicted the attenuations at 0.5 volume fraction by as much as 50%.
The scattering attenuation was small in the experiments by Allegra and Hawley (1972) since kcl a
for their experiments was much less than unity. To extend the range of kcl a over which the theory
can be tested against experiments we have conducted experiments for much larger polystyrene
particles. The particles were specified by the manufacturer to have a mean radius of 79 ± 3µm with
a standard deviation of 1.8µm; kcl a in our experiments varied between 0.5 and 2.6. The comparison
between the theory and experiments is shown in Figure 12. At small frequencies (or small kcl a)
the attenuation due to scattering is expected to increase in proportion to f 4 . This behavior is
observed roughly for kcl a < 1.3. At higher frequencies the resonance effects due to various shape
deformations of the particles become important as discussed in more detail by Spelt et al. (1999)
who examined the problem of determining size distributions for dilute suspensions. The first three
peaks seen in Figure 12 correspond to the resonances in n = 2,3, and 4 modes (cf. (55)).
As we can see from Figure 12, the agreement between the theory and the experiments is very
good. A possible explanation for the slight differences observed near the resonance peaks is the
uncertainty in the mean particle size as specified by the manufacturer. Changing the size of the
particles from 79 to 77µm radius (which is within the specifications) is seen in Figure 12 to improve
the comparison. Alternatively, an excellent agreement can also be observed by accounting for the
size distribution of particles.
Most of the data shown in Figure 12 were taken with a suspension with φ = 0.05. High
attenuation near the resonance peaks is not measurable and this explains the gaps seen in the data
near those frequencies. We repeated some experiments with φ = 0.025 and with smaller vessels
which decreased the acoustic path length between the two transducers and obtained a few data
points near the resonances but additional measurements with very low volume fractions appeared
unnecessary.
Since the volume fraction used in this measurement is rather small (φ = 0.05), an excellent
comparison between the theory and experiments should not be regarded as a true test of the
effective-medium approximation. Rather, it shows that the data taken in our laboratory are reliable and that our analysis and the computer program for the effective-medium approximation
gives correct results over a wide range of frequencies. To test the effective-medium theory higher
volume fractions must be used but we encounter two problems. First, the monodisperse polystyrene
particles in this size range are extremely expensive and secondly the range of frequencies for which
the attenuation at higher volume fractions would be measurable will be rather narrow to provide a
good test of the effective-medium approximation.
Experiments for dense slurries in the frequency range that is dominated by scattering effects
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before the resonance peaks were done by Atkinson (1991) and Atkinson and Kytömaa (1992).
We have compared their data for the dilute suspensions with the present theory and found that,
although the agreement at the lower half of their frequency range is reasonable, at higher frequencies
the experimental results for the attenuation were consistently lower than the theoretical results (at
0.045 volume fraction and 0.7MHz frequency the difference was a factor two). It was found that
the differences could not be resolved by changing the physical properties, the size of the particles
or by allowing for a size distribution of the particles. Since we do not see any reason for the theory
to be inapplicable at such low volume fractions, we did not pursue further comparison at higher
volume fractions. Instead, we shall compare the theory with the experiments we have conducted
for the glass-water system.
Since the large glass particles are difficult to keep suspended in water, we added glycerol to
increase the viscosity and density of the suspending medium. Soda-lime glass particles were used.
The volume fraction size distribution was measured using a light scattering instrument and gave a
mean radius of 63µm and a standard deviation of 8.5µm (the volume fraction distribution is related
to the size distribution P (a) by φ(a) = (4/3)πa3 P (a)). The distribution is shown in Figure 13
together with a fit used in calculations discussed below (a lognormal size distribution for P (a) was
used). The instrument could measure the particle radius up to about 240µm. It was estimated
that about 1.5% of the particles by volume had radius that exceeded this value.
We first discuss results for a dilute suspension. Figure 14 shows the attenuation as a function of
frequency at φ = 0.05. At the frequency of 1 MHz, the non-dimensional wavenumber kcl a based on
mean radius is about 0.25. Thus, throughout the frequency range we expect the scattering losses
to be the most significant. At low frequencies, the attenuation is approximately proportional to f 4 .
Note that at very low frequencies the viscous attenuation will become more significant, and if the
Stokes layers are small compared with the particle radius, then the attenuation will be proportional
to f 1/2 . At higher frequencies the attenuation appears to level off unlike the case of polystyrene
particles which exhibited distinct resonance peaks. This qualitative difference arises due to different
shear moduli of glass and polystyrene (Spelt et al 1999).
The solid curve in Figure 14 is obtained by using the size distribution shown in Figure 13 which
ignores the particles larger than 240µm. We see that the agreement between the theory and the
experiments is very good at frequencies above 2 MHz. Significant discrepancy exists, however,
at lower frequencies. This may be due to the presence of larger particles. If we assume that, in
addition, to the size distribution shown in Figure 14 we had 1.5% by volume of particles with
a radius of 540µm, then we obtain the dashed curve shown in Figure 14. These larger particles
contribute most to the attenuation for smaller frequencies. Alternatively, it is possible that some
of the assumed physical properties of the water-glycerol system (cf. Table 1) may be inaccurate
and this may lead to the observed discrepancy at lower frequencies. The density and viscosity were
measured in our laboratory but the other physical properties were estimated using a volume-average
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mixture rule. In view of these uncertainties we shall only compare the experimental data for dense
suspensions for frequencies greater than 2 MHz where the agreement for dilute suspensions is good.
Since the size distribution is somewhat broad, we must modify the effective-medium theory
to account for polydispersity. The coefficients λρ , etc. to be used in determining the effective
properties of the suspension are now replaced by

PM

n=0 φ(ai )λρ (ai ),

etc. where M is the number

of particle size bins. Here, λρ (ai ) represents the ratio of average dilatation amplitude inside the
particle of radius ai to that in the suspension. To estimate such coefficients we assume that the
particle of radius ai is surrounded by the liquid up to r = Ri and the effective-medium for r > Ri .
We take Ri /ai to be the same for all particle sizes and given by the same expression as in the
case of a monodisperse suspension (cf. (52)). This is probably not a good estimate of Ri /ai since
one would expect Ri /ai for larger particles to be smaller than for monodisperse suspensions as the
volume exclusion for larger particles is smaller when smaller particles are present in the suspension.
However, since there are no known analytical, rigorous solutions for polydisperse suspensions, a
more complicated scheme for estimating Ri /ai would be difficult to justify.
The dense-slurry data for the glass-water/glycerol suspensions are shown in Figure 15. The
frequency range is 2.5-5MHz for which the comparison at φ = 0.05 shown in Figure 14 was good.
The agreement is seen to be very good up to φ = 0.3. At higher volume fractions, however,
we observe significant discrepancy. The theory predicts the attenuation to be a monotonically
increasing function of φ while the experiments exhibit maxima near φ = 0.3. The measurements
were made two or three times for each f at φ = 0.3 and 0.5. At smaller volume fractions the data
were quite reproducible and the error bars were typically smaller than the size of the symbols shown
in Figure 15. However, larger variations were observed at higher volume fractions as exemplified
by few vertical bars around the data points. Although these error bars are quite significant, we see
that the theory consistently overpredicts the attenuation for φ > 0.3.
As mentioned earlier, there is some concern about the proper choice of Ri /ai to be used in
the effective-medium approximations for polydisperse suspensions. To see how the choice of Ri /ai
affects the results, we calculated the values of Ri /ai (assumed to be independent of the particle
radius) at which the theory and experiments would coincide for φ ≥ 0.3 at 2.5 and 5 MHz. The
results are shown in Figure 16. The solid line in that figure corresponds to the value used in
the results presented in Figure 15. We see that only slight changes in R/a are needed to make
the theory predictions coincide with the experimental data. In other words, the results for the
attenuation are very sensitive to the choice of R/a in very dense suspensions. Finally, the fact
that the scatter in the attenuation data is significant at higher volume fractions suggests that the
attenuation might be quite sensitive to the manner in which the suspension is stirred. As noted
earlier we used hand-stirring just before taking the attenuation measurement. Perhaps using a
fluidized bed would have produced different attenuation data at high volume fractions.
The comparisons shown so far were dominated by the thermal and scattering effects. Exper-
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iments in which the viscous losses are significant were carried out by Hampton (1967), but those
were for clay particles which are highly non-spherical. To assess the theory for the viscous regime,
we have measured attenuation for a suspension of small glass particles in water. The size distribution for these particles is shown in Figure 17 together with the fit used in the calculations. The
mean radius is 15 microns and the standard deviation is 3.5 microns. These particles have a very
small terminal velocity and it is not necessary to add glycerol to keep them suspended. For the frequency range over which we could measure attenuation, i.e., for 0.7 − 10MHz, the non-dimensional
wavenumber kcl a varies from 0.03 to 0.5. The particle-to-liquid (pure water) density ratio in this
case is 2.55, and the viscous attenuation dominates the lower part of the frequency range, while
the scattering attenuation becomes important at higher frequencies.
The results for volume fractions 0.05, 0.2, 0.3, and 0.4 are shown in Figure 18. We see that
the measured attenuation is proportional to f 1/2 in the viscous range, which is to be expected for
the case when the Stokes layers are thin compared with the particle radius (see, e.g., Allegra and
Hawley 1972). We see an excellent agreement between the theory and experiments. It may be
noted that the attenuation doess not vary linearly with the volume fraction indicating that the
effective-medium approximation represents a significant improvement over the dilute theory. We
also note that, unlike the case of larger particles, the attenuation increase monotonically with the
volume fraction for the entire range of frequencies over which the measurements are made.

6

Phase speed

While the physics of acoustics is very interesting, it appears that the determination of the particle
volume fraction from acoustic measurements will be, in general, difficult because of the sensitive
dependence of the acoustics on physical properties of the particles and liquid and the particle size
distribution. Since the phase speed is relatively less sensitive to the particle size, it might be more
advantageous to measure the phase speed. The scattering regime can lead to large attenuation and
resonance behavior sensitive to the mechanical properties of particles. The phase speed near the
resonance frequencies can vary significantly. Thus, it is desirable to carry out measurements at low
frequencies where the scattering effects will be insignificant.
When kcl a is small the phase speed can be measured for cases for which the Stokes layers are
much smaller than the particle radius. In this limit the speed is nearly independent of the particle
radius. Figure 19 shows the phase speed as a function of volume fraction in this limit for glass-water
system with two different sizes. Note that the speed is essentially the same for both particle sizes.
The attenuation under these conditions would be proportional to a−1 (Allegra & Hawley 1972).
Figure 19 also shows results for the case when the Stokes layers are much thicker than the particle
radius. Once again, in this limit the phase speed is nearly independent of the particle radius while
the attenuation would vary significantly with the particle radius as a2 . Note that the phase speed as
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a function of volume fraction goes through a minimum in the low frequency limit. The monotonous
increase at high frequency might be more suitable for determining the volume fraction. Thus, the
ideal frequency for measuring the phase speed corresponds to the one for which the Stokes layers
are thin compared with the particle radius and kcl a is small.

7

Summary

We have derived equations for describing small amplitude acoustic wave propagation through a
suspension. The equations are similar to that for a single-phase medium but require closures for
estimating the effective properties of the suspension. We used an effective-medium model to solve
for the conditionally averaged temperature, density, and velocity fields inside a test particle, and
estimated thereby the effective properties such as the density, heat capacity, conductivity, viscoelasticity, and compressibility in a self-consistent manner. When the wavelength is large compared with
the particle radius the multiparticle interactions in the suspension can be approximated by Stokes
or Laplace equations for which a number of effective properties have been determined in recent
years through rigorous multiparticle calculations. We show that the estimates obtained using the
effective-medium approximation for various properties are in excellent agreement with these rigorous calculations. The theory is also shown to be excellent agreement with the experimental data for
the polystyrene-water system by Allegra and Hawley (1972). The ratio of particle radius to wavelength was small in these experiments. To test the theory for larger particles we have conducted
experiments both for polystyrene particles and glass particles in water. The agreement with the
data for the polystyrene-water system which exhibits several resonances due to shape oscillations is
excellent. However, the comparison was limited to dilute suspensions because of the unavailability
of concentrated monodisperse suspensions in the particle size range of interest. The glass-water
system had significant polydispersity but covered a broad range of volume fractions. The agreement
between the theory and experiments for small particles in which the viscous attenuation dominates
is excellent while that for large particles for which the scattering losses dominate the agreement is
good only up to φ = 0.3. At higher volume fractions the attenuation measured in our laboratory
decreased in contrast with the theory prediction.
In view of the remarkable success of the effective-medium approximation in predicting the
attenuation in solid-liquid systems, it seems that the procedure used here may also find applications
in the other acoustic problems, e.g., in the electroacoustics of colloidal suspensions (O’Brien 1990)
and in acoustics of fluid-saturated porous media (Burridge and Keller 1981).
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density (g/cm3 )
thermal conductivity (J/K · m · sec)
specific heat (J/g · K)
thermal expansion coefficient (1/K)

polystyrene

glass

water

glycerol/water

1.055

2.3

1.0

1.08

1.15 ·

10−1

1.19
2.04 ·

10−4

9.6 ·

10−1

0.836
3.2 ·

10−6

5.87 ·

10−1

4.19
2.04 ·

10−4

4.5 · 10−1
4.19
3.22 · 10−4

2.3 · 105

5.2 · 105

1.48 · 105

1.6 · 105

shear viscosity (g/cm · sec2 )

-

-

1.01 · 10−2

3.2 · 10−2

bulk viscosity (g/cm · sec2 )

-

-

3 · 10−2

9.6 · 10−2

shear rigidity (g/cm · sec2 )

1.27 · 1010

2.8 · 1011

-

-

sound speed (cm/sec)

Table 1. The values of the physical properties that used in the present study.
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Figure captions
Figure 1.
Ratio of effective viscosity to liquid viscosity as a function of volume fraction. Limiting values
for wavelengths large compared to particle size and viscous boundary layers much larger than the
particles. Solid line is theory; squares are numerical simulation results from Sangani and Mo (1997).
Figure 2.
Real part minus its limiting value at large wavelengths (—) and minus imaginary part (- - -) of the
ratio of effective viscosity to liquid viscosity as a function of frequency. Particle volume fraction is
0.3. The viscous boundary layers at the lowest frequencies are small compared to the particle size
(at 1MHz, (µl /(ρl ω 2 a2 ))1/2 = 0.01).
Figure 3.
Added mass coefficient Ca as a function of volume fraction. Solid line is the theoretical result for
wavelengths and viscous boundary layers much larger compared to particle size. Broken line and
square are the random array and simple cubic array results of Sangani et al. (1991). Particle to
liquid density ratio is 2.55.
Figure 4.
Basset coefficient Cb as a function of volume fraction. Solid line is the theoretical result for wavelengths and viscous boundary layers much larger compared to particle size. Broken line and square
are the random array and simple cubic array results of Sangani et al. (1991). Particle to liquid
density ratio is 2.55.
Figure 5.
Cd as a function of volume fraction. Lines are theoretical results obtained for wavelengths much
larger and viscous boundary layers much smaller compared to particle size. Squares are numerical
simulation results for the fixed-bed resistivity by Mo and Sangani (1994), circles are numerical
simulation results for the hinderance factor by Ladd (1990).
Figure 6.
Ratio of effective conductivity to liquid conductivity as a function of volume fraction. Lines are
theory for wavelengths large compared to particle size, markers are experimental data from Turner
(1976). Results are shown for κp /κl = 0.01 (+), 0.51 (∆), 10.8 ( ) and 160 (2).
Figure 7.
Real and imaginary part of the ratio of effective conductivity to liquid conductivity as functions of
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frequency. Particle volume fraction is 0.3; kcl a = 4 · 10−2 at 10MHz frequency for all cases. Solid
line (real part) and dashed line (imaginary part), κp /κl = 2 · 10−3 ; dashed-dotted line (real part)
and dotted line (imaginary part), κp /κl = 20.
Figure 8.
Real and imaginary parts of λT as a function of frequency for polystyrene particles (0.11µm radius)
in water at 0.3 volume fraction. Solid line (real part) and dashed line (imaginary part) are the full
results; the dashed-dotted line (real part) and the dotted line (imaginary part) are the adiabatic
result (78).
Figure 9.
The schematic of the experimental set-up.
Figure 10.
Comparison with experimental dilute-slurry results by Allegra & Hawley (1972) for the attenuation
in a mixture of polystyrene particles of 0.11µm radius in water at 0.05 volume fraction. Squares
are experiments, solid line is the theoretical result. The broken line is the theoretical result when
the thermal expansion coefficient is changed from 2.04 · 10−4 K−1 to 1.82 · 10−4 . The dotted line is
the asymptotic result (80).
Figure 11.
Comparison with experimental dense-slurry results by Allegra & Hawley (1972) for polystyrene
particles of 0.11µm at different frequencies. ∆, 3MHz;

, 9MHz; +, 15MHz; ×, 21MHz; 2, 27MHz

and ∇, 39MHz.
Figure 12.
Experimental and theoretical results for the attenuation in a mixture of polystyrene particles (mean
radius 79 ± 3µm and 1.8µm standard deviation) in water at 0.05 volume fraction. Circles are
experiments, solid and broken lines are the theory for monodisperse particles of 79µm and 77µm
radius, respectively.
Figure 13.
Volume-fraction distribution of the glass particles used in Figure 14. Circles are measurements, the
solid line is a fit using a log-normal size distribution.
Figure 14.
Experimental and theoretical results for the attenuation in a mixture of glass particles (mean radius
63µm and 8.5µm standard deviation) in glycerol at 0.05 volume fraction. Circles are experiments,
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solid and broken lines are the theoretical predictions.
Figure 15.
Experimental and theoretical results for the attenuation as a function of volume fraction for different
frequencies, using the same glass particles and glycerol as in Figure 11. Markers are experiments,
solid lines theory for monodisperse particles and broken lines theory for polysdisperse particles. ∆,
2.5MHz;

, 3.5MHz; +, 4MHz; ×, 4.5MHz; 2, 5MHz.

Figure 16.
Liquid-shell to particle radius ratio as a function of volume fraction. Solid line is (52). Markers
are the values that would have to be used to get very good agreement with the experimental data
shown in Figure 15 at high volume fractions. Circles are for the 2.5MHz data, plus signs for 5MHz.
Figure 17.
Volume-fraction distribution of the glass particles used in Figure 18. Circles are measurements, the
solid line is a fit using a log-normal size distribution.
Figure 18.
Experimental and theoretical results for the attenuation as a function of frequency at different
volume fractions, using glass particles in water. Markers are experiments, solid lines are theory.
Volume fractions are ∆, 0.05;

, 0.2; +, 0.3 and ×, 0.4.

Figure 19.
Wave speed as a function of volume fraction for two limiting cases. Solid line, a2 ωρl /µl = 3 · 103
and kcl a = 8 · 10−4 ; dashed line the same, but with the particle radius increased by a factor of 5;
dashed-dotted line, a2 ωρl /µl = 3 · 10−4 and kcl a = 8 · 10−4 ; dashed line as the dashed-dotted line
but with the particle radius increased by a factor of 5.
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